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Abstract 

A unitary representation of a, possibly infinite dimensional, Lie group G is called 
semibounded if the corresponding operators idTr(x) from the derived representation are 
uniformly bounded from above on some non-empty open subset of the Lie algebra g of 
G. We classify all irreducible semibounded representations of the groups C V (K) which 
are double extensions of the twisted loop group C V (K), where K is a simple Hilbert- 
Lie group (in the sense that the scalar product on its Lie algebra is invariant) and 
ip is a finite order automorphism of K which leads to one of the 7 irreducible locally 
affine root systems with their canonical Z-grading. To achieve this goal, we extend the 
method of holomorphic induction to certain classes of Frechet-Lie groups and prove an 
infinitesimal characterization of analytic operator-valued positive definite functions on 
Frechet-BCH-Lie groups. 
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Introduction 

This paper is part of a project concerned with a systematic approach to unitary representa- 
tions of infinite-dimensional Lie groups in terms of semiboundedness conditions on spectra in 
the derived representation. For the derived representation to carry significant information, 
we have to impose a suitable smoothness condition: Let G be a Lie group with Lie algebra g 
and exponential function exp: q — > G. A unitary representation tt: G — > U("H) is said to be 
smooth if the subspace H 00 CKof smooth vectors is dense. This is automatic for continuous 
representations of finite-dimensional Lie groups, but not for Banach-Lie groups ( [NelOaj ). 
For any smooth unitary representation, the derived representation 



d7r: -> End(-H°°), 6.-k(x)v := 

dt 



Tr(exptx)v 

t=o 
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carries significant information in the sense that the closure of the operator d7r(a;) coincides 
with the infinitesimal generator of the unitary one-parameter group 7r(exp tx) . We call (71", %) 
semibounded if the function 

: g — > R U {oo}, s 7r (a;) := sup (Spec(id7r(:r))) 

is bounded on a neighborhood of some point xo € g. Then the set W„ of all such points 
xo is an open Ad(G)-invariant convex cone. We say that 7r is bounded if W v — g. All 
finite-dimensional continuous unitary representations are bounded and most of the unitary 
representations appearing in physics are semibounded or satisfy similar spectral conditions 
(cf. [Se58llSe78] . [SeG81j . \CEM\ . [PS86] . [CR87] . [Mi89] . [Ot95] . [FH05] . |Bak07j . jNelObj b 

For finite-dimensional Lie groups, the irreducible semibounded representations are pre- 
cisely the unitary highest weight representations and one has unique direct integral decom- 
positions into irreducible ones |Ne001 X.3/4, XI.6]. For many other classes of groups such 
as the Virasoro group and affine Kac-Moody groups (double extensions of loop groups with 
compact target groups), the irreducible highest weight representations are semibounded by 
Theorem 16.11 below, but to prove the converse is more difficult and requires a thorough 
understanding of invariant cones in the corresponding Lie algebras as well as of convexity 
properties of coadjoint orbits f |NelObl Sect. 8]). 

The closest infinite-dimensional relatives of compact Lie algebras are Hilbert-Lie algebras. 
These are real Lie algebras which are Hilbert spaces on which the adjoint group acts by 
isometries (cf. [HoMo98, Def. 6.3]). We call a Lie group K whose Lie algebra t — L(if) is 
a Hilbert-Lie algebra a Hilbert-Lie group^ The finite-dimensional Hilbert-Lie algebras are 
the compact Lie algebras. The main goal of this paper is the classification of all semibounded 
unitary representations of groups which are double extensions of loop groups with values in 
a Hilbert-Lie group. 

For a Hilbert-Lie group K, we write Aut(K) for the group of all Lie group automorphisms 
acting by isometries with respect to the scalar product (•,•) on For an automorphism 
ip £ Aut(if) of order N, 

C V (K) :={feC™(R,K): (Vt G R) f(t + ^) = v" 1 (/(*))} 
is called the corresponding twisted loop group. It is a Frechet-Lie group with Lie algebra 
£„(«) :={eeC°°(M,e): (Vt€R)^(t+^)=L(^)- 1 (^))} 

( |NeWo091 App. A]). The subgroup C V (K) C C°°(R, K) is translation invariant, so that we 
obtain for each Tglan automorphism of C v (K) by 

a T (f)(t):=f(t + T) with L(a T )(0(t):=at + T). (1) 

Our assumption implies that = id, which leads to a smooth action of the circle 

group T = R/27rZ on L V (K). The Frechet-Lie algebra C v {t) carries the positive definite 
form 2 

2tt Jo 

1 In the literature one also finds a weaker concept of a "Hilbert-Lie group," namely Lie groups whose Lie 
algebra is a Hilbert space, but no compatibility between the Lie bracket and the scalar product is required. 
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which is invariant under the K-action |TJ. Therefore the derivation D£ := £' is skew- 
symmetric and thus 

uforj) := (D&rj) = ^ J \t,'{t),r,(t)) dt 
defines a continuous Lie algebra cocycle on C v (t) (cf. [NeWo09, Sect. 3.2]). Let 

£„({) :=ttffi w £ v (e) 

denote the corresponding central extension and observe that u> is D-invariant, so that we 
obtain the double extension 

:= C v (t) := (R ®„ £„(«)) xi d K. 
Here we extend I? to by D(z,£) := (0,f) to obtain the Lie bracket on g: 

[(ziAl,tl),(z2^2,t2)} ■= ((«i,6> ) *l^-*2^ + [£l,6],0). 

To formulate our main result, we start with a 1-connected simple Hilbert-Lie group 
K, i.e., t contains no proper closed ideal. Corresponding twisted loop groups C V (K) and 
C^p(K) are isomorphic if (p and ip define the same conjugacy class in the group 7To(Aut(i^)) 
of connected components of the Lie group Aut(K). Since every infinite-dimensional simple 
Hilbert-Lie algebra is isomorphic to the algebra 112(H) of skew-hermitian Hilbert-Schmidt 
operators on an infinite-dimensional real, complex or quaternionic Hilbert space, it is possible 
to determine Aut(t) explicitly fTheorem ll.l5p . This in turn leads to a complete classification 
of the corresponding twisted loop groups. We thus obtain four classes of loop algebras: 
the untwisted loop algebras £(ii2(H)), where H is an infinite-dimensional real, complex or 
quaternionic Hilbert space, and a twisted type £ v (u2(H)), where H is a complex Hilbert space 
and <p(x) = axa holds for an antilinear isometric involution a : % — > % (this corresponds 
to complex conjugation of the corresponding matrices). Our main result is the classification 
of the semibounded unitary representations of the 1-connected Lie groups G :— C V (K) 
corresponding to the respective double extensions q = C v (t). 

To describe this classification, we choose a maximal abelian subspace 

tCp:={ie t: L(ip)x = x}. 

Then t B := K © t© R is maximal abelian in g — C v (i). We write Tq :— exp(t B ) C G for the 
corresponding subgroup and identify its character group Tq with a subgroup of it' B , where 
' denotes the topological dual space. In the following, we assume that the corresponding 
Z-graded root system A g = A(g, t g ) is one of the seven irreducible locally affine reduced root 
systems of infinite rank A { }\ B { j ] , C { j ] , D { p , B { f ] , C { f ] or BCf ] (cf. Definition El]). 

Theorem 1. Irreducible semibounded representations 7T\ of G ~ C V (K) are characterized 
by their t g -weight set 

V\ = conv(WA) n (A + Q) C it' with Ext(conv(7 5 A)) = VVA, 
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where VV is the Weyl group of the pair (fl,t fl ) and Q C it' the corresponding root group. The 
set of occurring extremal weights A is ±V + , where 

V + := {{i G f G : inf(W/i)(d) > -00} /or d := (0, 0, -») G 0. 

Let C 7 ,+ denote the set of those elements fi for which fi(d) = min(W/i)(d). For /i c := 
/x(i,0,0) ; the elements fi G 7 ,+ contained in are characterized by: 

M C >0, | M (d)|<-^-, 1^/3)1 <J^L / r (a,l),(/3,0)GA fl , 
(a, a) (/3,/3) 

where a £ it is the associated coroot. The parameter space of the equivalence classes of 
semibounded representations is given by 

±v+/w = ±vj/w, 

where W C W is the Weyl group of the pair (t v ,t). 

In all cases we obtain an explicit description of the set /W of W orbits in the set 
of d-minimal integral weights which is based 011 a characterization of the d-minimal weights 
(Theorem 14.41) and the quite elementary classification of W-orbits (Proposition I5.8|) . The 
remarkable observation that the intersection of a W-orbit with the set coincides with a 
W-orbit is drawn from preliminary work on convex hulls of Weyl group orbits ( |HN12j ). 

Structure of the paper: We start in Section Q] with the introduction of the simple 
Hilbcrt-Lie algebra and their root decompositions which leads to the four locally finite root 
systems Aj, Bj,Cj and Dj (cf. [LN04j ). Our first main result is the determination of the 
full automorphism groups of the simple Hilbert-Lie algebras (Theorem I1.15p . In Section [2] 
we introduce the double extensions g = £ p (t) for the twisted loop algebras C v ($), where we 
restrict our attention to those automorphisms if for which the corresponding root systems 
A fl are, as Z-graded root systems, equal to one of the seven locally affine root systems 
A(p,B(j\c(j\D(p,B ( ? ) ,c¥ ) or BCf (cf. Definition . In Section [3] we mount to the 
global level by showing that, for every 1-connected simple Hilbert-Lie group K, there exists a 
1-connected Frechet-Lie group C V (K) which is a central T-extension C V {K) x Q R of C V (K ) x Q 
R. Section |4] focuses on the action of the Weyl group W on the integral weights. Here the 
main result is the explicit classification of the d- minimal weights in Theorem 331 After these 
preparations, we attack our goal of classifying the irreducible semibounded representations 
of G — C v (K) . The first major step is Theorem 15.21 asserting that for a semibounded 
representation (71",%), the operator &n{d) is either bounded from below (positive energy 
representations) or from above. Up to passing to the dual representation, we may therefore 
assume that we are in the first case. Then the minimal spectral value of d.7r(c?) turns out 
to be an eigenvalue and the group Zc;(d) acts on the corresponding eigenspace, which leads 
to a bounded representation (p, V) of this group. To proceed further, we rely on some 
general results concerning holomorphic induction. This framework has been developed for 
Banach-Lie groups in [Nel2a| and in Appendix [C] we briefly explain how it can be carried 
over to certain Frechet-Lie groups, containing in particular groups such as C V (K). This 
permits us to conclude that the representation (p, V) is irreducible and that it determines 
(7r,%) uniquely. Since an explicit classification of the bounded irreducible representations 
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of the groups Zc(d)o is available from |Ne98l iNellcj (Theorem 15.91) in terms of W-orbits 
of extremal weights, it remains to characterize those weights A for which the corresponding 
representation (p\,V\) corresponds to a unitary representation of G. This is achieved in 
Theorem 15.101 asserting that this is equivalent to A being d-minimal, and the final step 
consists in showing that the irreducible G-representation (70,, "Ha) corresponding to a d- 
minimal weight is actually scmibounded (Theorem 16. II) . Compared to related arguments in 
other contexts (cf. |Ne98[ INeOOl INelObj ) . the argument we give here is rather direct and does 
not require any convexity results on projections of coadjoint orbits, such as [AP831 IRP84] . 
This brings us full circle and completes the proof of Theorem [TJ 

For untwisted loop groups C(K) and compact groups K, the corresponding class of repre- 
sentations is well-known from the context of affine Kac-Moody algebras (cf. Ka90j, PS86 ). 
In this context one thus obtains the class of positive energy representations (d.7r(c?) bounded 
from below), but this requirement is too weak for infinite-dimensional K. We therefore work 
with the semiboundedness condition which has the additional advantage that it is invariant 
under twisting with arbitrary automorphisms. Compared with the classical situation where 
K is finite-dimensional, we thus obtain the new insight that every positive energy represen- 
tation is actually semibounded. In various respects our techniques are simpler than the ones 
used in the classical case to prove the existence of the unitary representation (tt\,T-L\) for a 
d- minimal weight A (cf. [PS86J, [GW84 , [TL9S]). Instead of using ad hoc operator estimates 
for the corresponding Lie algebra representation, we combine the technique of holomorphic 
induction and some general results on analytic positive definite functions (cf. Appendix [B]) 
to see that the d- minimality of A, which is already known to lead to a unitary Lie algebra 
module on the algebraic level ( [NelOa] ). to integrate to an analytic representation of the Lie 
group C v (K) . This is done by using the following new characterization: An operator- valued 
function ip: V —> B(fC), JC a Hilbert space, V an identity neighborhood of any Frechet-BCH 
Lie group G, is positive definite in an identity neighborhood if and only if the corresponding 
linear map U(gc) B(JC) obtained by derivatives in 1 is positive definite (Theorem IB. 6j) . 

Although it does not appear on the surface of our arguments, it is crucial that we deal 
with the Frechet-Lie group C V (K) through its Banach analog £^ (K) constructed similarly 
from H 1 -maps instead of smooth ones. This is a topological group which is a Banach man- 
ifold and a semidirect product £^(K) >J Q K, where the factor on the left is a Banach-Lie 
group but the translation action of M is not smooth. As a byproduct, our techniques imply 
that the representations ir\ extend to continuous representations of (K) which are ana- 
lytic on C V (K) in the sense that the space of analytic vectors is dense (Remark 15. 1 1 [) . For 
the convenience of the reader, we collect some basic information on groups of i/^-maps in 
Appendix [Al including the existence of the central Lie group extension £^ (K). 

In view of the classification of semibounded irreducible representations in terms of ex- 
tremal weights, it is natural to ask why we first pass to the double extension of the group 
C V {K) to study unitary representations. Without the double extension, the representation 
theory of loop groups is much less interesting: From Theorem 15.151 it follows that all semi- 
bounded unitary representations of the central extension C v (t) are trivial on the center and 
factor through bounded representations of £(t), which in turn are finite-dimensional and ten- 
sor products of evaluation representations (see [NSllj for the case of Banach-Lie algebras of 
maps, the Frechet case will be dealt with elsewhere). We also show in Theorem 15.161 that all 
scmibounded representations of C V {K) x Q K are trivial on C V {K). These two results clearly 
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demonstrate that the double extension of C v (t) is crucial to get hold of the interesting class 
of semibounded representations. 

To put our results into perspective, it is instructive to recall that if X is a compact space 
and K a semisimple compact Lie group, then all irreducible bounded unitary representations 
of C(X, K)o are finite tensor products of evaluation representations, hence in particular finite- 
dimensional ( [NS11] ). Other irreducible representations (ir,%) of the loop groups C(K) x a R 
(twisted loop modules) constructed by Chari and Pressley in [CP86] have the property that 
the spectrum of dn(d) is unbounded from below and above and their restrictions to C{K) are 
not irreducible. For any, not necessary compact, Lie group K, the group C(X, K) has unitary 
representations obtained as finite tensor products of evaluation representations. However, 
for some non-compact groups, such as K = SUi jn (C), one even has "continuous" tensor 
product representations which are irreducible (cf. [JK85j . [Be79] . [CP87] . |VGG74llVGG80] '). 
In the algebraic context of loops group, these representations also appear in |JK89j which 
contains a classification of various types of unitary representations generalizing highest weight 
representations. In addition to these representations which actually extend to groups of 
measurable maps, there exist irreducible representations of mapping groups defined most 
naturally on maps of Sobolev C 1 -maps, the so-called energy representations (cf. |AH78] . 
[Alb93]) and certain variants of positive energy representations of gauge groups of tori (cf. 
[To87 ). The problem to classify all smooth (projective) irreducible unitary representations 
of gauge groups is still wide open, although the classification of their central extensions by 
Janssens and Wockel ( |JW10j ) is a major step towards this goal. 

Notation: 

We collect some basic notational conventions used below. We write N = {1,2, . . .} for the 
natural numbers. 

Hilbert spaces over K £ {R, C,H} are mostly denoted T~L. We write B(H) for the algebra 
of all bounded operators on %, B2CH) for the ideal of Hilbert- Schmidt operators, Bi(%) for 
the ideal of trace class operators and K(H) for the ideal of compact operators. Accordingly 
we write 



for the Hilbert-Lie group of unitary operators u for which u — 1 is Hilbert-Schmidt. 

Let G be a Lie group (modeled on a locally convex space) and unit element 1. Then we 
write g = L(G) for its Lie algebra, which is identified with the tangent space Ti(G). The 
Lie bracket is obtained by identification with the Lie algebra of left invariant vector fields. A 
smooth map exp G : g — > G is called an exponential function if each curve J x (t) :— exp G (ta) 
is a one-parameter group with 7^(0) = x. Not every infinite-dimensional Lie group has an 
exponential function ( Ne06, Ex. II.5.5]), but exponential functions are unique whenever they 
exist, and this is in particular the case for all Banach-Lie groups. 



U 2 (H) :=V(H)n(l + B 2 (H)) 
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1 Hilbert— Lie groups 

In this section we briefly introduce the class of Hilbert-Lie algebras, the closest infinite- 
dimensional relatives of compact Lie algebras. 

1.1 Hilbert— Lie algebras 

Definition 1.1. (a) A Hilbert-Lie algebra tisa real Lie algebra endowed with the structure 
of a real Hilbert space such that the scalar product is invariant under the adjoint action, i.e., 

([x,y],z) = (x, [y,z]) for x,y,z€t 
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From the Closed Graph Theorem and the Uniform Boundedness Principle one derives that 
the bracket I x I — > t is continuous with respect to the norm topology on 6 (cf. Sch60l p. 70]). 
A Hilbert-Lie algebra { is called simple if {0} and 6 are the only closed ideals. 

Example 1.2. (a) A finite-dimensional Lie algebra t carries the structure of a Hilbert-Lie 
algebra if and only if it is compact. 

(b) For any Hilbert space H over K e {K, C,H}, the Lie algebra 

U 2 (H) := {x G B 2 (H) : x* = -x} 

is a Hilbert-Lie algebra with respect to the scalar product {x, y) := trj{(xj/*) = — tr^{xy). It 
is simple if dim'H = oo. 

Theorem 1.3. (Schue) Each Hilbert-Lie algebra i is an orthogonal direct sum t = 3(f) ® 
©jeJ^' where each £j is a simple ideal. Each simple infinite- dimensional Hilbert-Lie algebra 
is isomorphic to 112(H) for an infinite- dimensional real, complex or quaternionic Hilbert space 
H. 

Proof. The orthogonal decomposition into center and simple ideals follows from [Sch60, 1.2, 
Th. 1]. The classification of the simple Hilbert algebras { follows immediately from the clas- 
sification of the complex L*-algebras because ?c is a complex L*-algebra. For the separable 
case, the classification was obtained in |Sch601 3.7, Th. 3] under the assumption of the exis- 
tence of a root decomposition whose existence was shown in |Sch61j . The classification was 
extended to the non-separable case in |CGM90j . |Neh93j and [St99l Thm. 19.28]. □ 

Definition 1.4. If % is a real Hilbert space, then we also write 

0(K):=U(K), 2 {H) := U 2 (H), o{U):=u{U), and o 2 (H) := u 2 (U). 

For a quaternionic Hilbert space T~L, we write 

Sp(-H) := U(-H), Sp 2 CH) := U 2 (H), sp(H) := u(H) and sp 2 (H) := u 2 (H). 

Theorem 1.5. (cf. 'Ne02a, Sect. II. 4]) For an infinite- dimensional Hilbert space H, over 
R, C, resp., H, the homotopy groups of0 2 (H), \J 2 (H), resp., Sp 2 (H) are given by: 





2 (H) 


U 2 {H) 


Sp 2 (H) 


TO 


Z/2 


{1} 


{1} 


7Tl 


Z/2 


Z 


{1} 


7T2 


{1} 


{1} 


{1} 


7T3 


Z 


z 


z 



Remark 1.6. If % is infinite-dimensional, Schur's Lemma implies that the center of the 
groups 2 (H), \J 2 (H) and Sp 2 ("H) is trivial. Therefore their fundamental group is isomorphic 
to the center of the simply connected covering group, so that 

Z(b 2 (H)o) = n 1 (0 2 (H))=Z/2 and Z(U 2 (W)) = tti(U 2 (W)) = Z. 
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1.2 Root decomposition 

Our parametrization of irreducible semibounded representations is based on weights w.r.t. a 
maximal abelian subalgebra. In this subsection we recall some basics on roots and root space 
decompositions. 

Definition 1.7. (a) Let g be a real topological Lie algebra and gc be its complexification. 
If a : gc — > gc, z = x + iy ^ z = x — iy, denotes the complex conjugation with respect to g, 
we write x* := — u(x) for x € gc, so that g = {x € gc : x* = —x}. Let t C g be a maximal 
abelian subalgebra and tc Q gc be its complexification. For a linear functional a G (the 
space of C- valued continuous linear functionals on t which is identified with the space of 
C-linear continuous functionals on tc), 

gc = {x E Q C : (V/i € tc) [h, x] = a(h)x} 

is called the corresponding root space, and 

A:=A(g,t) :={aet£\{0}:g^{0}} 

is the root system of the pair (g, t). We then have g c = tc and [flciflc] — Sc + ^' hence m 
particular [goflc"] Q tc. 

(b) If g is the Lie algebra of a group G with an exponential function, then we call t elliptic 
if the subgroup e adt = Ad(expt) C Aut(g) is equicontinuous. We then have 

(11) a(t) C iR for a £ A, and therefore 

(12) a(gg) = gc" for a € A. 

Lemma 1.8. Suppose that t C g b elliptic. For 7^ x a G g^, i/ie subalgebra gc(x Q ) := 
spanc{x Q , x* , [x a , x *]} is a-invariant and of one of the following types: 

(A) T/ie abelian type: [x Q ,x*] —0, i.e., Qc(xa) is two-dimensional abelian. 

(N) T/ie nilpotent type: [x a ,x*] ^ awe? a([x Q ,x*]) = 0, i.e., gc(x Q ) is a three-dimensional 
Heisenberg algebra. 

(S) TTie simple type: a([x Q ,x*]) ^ 0, i.e., gc(x Q ) =sl2(C). In this case we distinguish two 
cases: 

(CS) a([x a , x* ]) > 0, i.e., gc(x Q ) n g = su 2 (C), and 
(NS) a([x a ,x*]) < 0, i.e., g c (x Q ) n g S su M (C) S st 2 (R). 

Proof, (cf. [NelObl App. C]) First we note that, in view of x* € g^", [Ne98l Lemma 1.2] 
applies, and we see that gc(x Q ) is of one of the three types (A), (N) and (S). We note that 
a([x a , x*]) G R because of (12) and [x Q , x* ] e it. Now it is easy to check that gc(x Q ) n g is 
of type (CS), resp., (NS), according to the sign of this number. □ 

Definition 1.9. (a) Assume that gg = Cx Q is one-dimensional and that gc(x Q ) is of type 
(S). Then there exists a unique element a € tc n [g^flc"] with a(a) = 2. It is called the 
coroot of a. The root a € A is said to be compact if, for 0^i o 6 g^, we have a([x a , x* ]) > 
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and non-compact otherwise. We write A c for the set of compact roots. With the notation 
M.+ := [0,oo [, Lemma [L8l implies that 

a eR + [x a ,x* a } for a G A c . (2) 

(b) The Weyl group W = W(g,t) C GL(tc) is the subgroup generated by all reflections 

r a (x) := x — a(x)a for compact roots a G A c . (3) 

It acts on the dual space t c by the dual maps r* (/?) := /3 — (3(a)a. 

(c) A linear functional A G it' is said to be an integral weight if A(d) € Z holds for every 
compact root a € A c . We write = t) C it' for the group of all integral weights. 

Let t be a Hilbert-Lie algebra and t C t be a maximal abelian subalgebra. According to 
[Sch6l], tc C tc defines a root space decomposition 

l ' 1 0,... 

which is a Hilbert space direct sum with respect to the hermitian extension of the scalar 
product to tc- We now describe the relevant root data for the three types of simple Hilbert 
algebras 112(H), where H is a Hilbert space over K € {M, C,H}. 

Example 1.10. (cf. [Nellci Ex. G.4]) (Root data of unitary Lie algebras) Let H be a 
complex Hilbert space with orthonormal basis (ej)j £ j and t C t :— 112(H) be the subalgebra 
of all diagonal operators with respect to the ej. Then t is elliptic and maximal abelian, 
tc — f 2 {J, C). The set of roots of tc = fl^H) with respect to tc is given by the root system 

A = {ej-Ek-.j ^keJ} =: Aj. 

Here the operator Ej k e m := 5h m ej is a tc-eigenvector in g[ 2 (H) generating the corresponding 
eigenspace and Ej(di&g(hk)kej) = hj- From E* k = E^j it follows that 

(ej - £fe)'= Ejj - E kk = [E jk ,E kj ] = [E jkl E* k ], 

so that A = A c , i.e., all roots are compact. 

The Weyl group W is isomorphic to the group Srn of finite permutations of J, acting 
in the canonical way on tc — I 2 (J, C). It is generated by the reflections rj k ■= r ej - Ek 
corresponding to the transpositions of j 7^ k 6 J. The Weyl group acts transitively on the 
set of roots and, in particular, all roots have the same length 2 w.r.t. the scalar product 
induced by (x, y) — tx(xy*) on the dual space. 

Remark 1.11. (a) In many situations it is convenient to describe real Hilbert spaces as 
pairs (H,er), where H is a complex Hilbert space and a: H — > H is a conjugation, i.e., an 
antilinear isometry with a 1 — id-^. Then we write A T := aA*a : which corresponds to the 
transposition of matrices with respect to any ONB contained in H CT . 

(b) A quaternionic Hilbert space H can be considered as a complex Hilbert space H (the 
underlying complex Hilbert space), endowed with an anticonjugation a, i.e., a is an antilinear 
isometry with a 2 = — 1. 

(c) That all conjugations and anticonjugations on a complex Hilbert space are conjugate 
under the unitary group U(H) has been shown in |Ba69j by describing them in terms of 
orthonormal bases. 
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Example 1.12. (cf. [Nellcl Ex. C.5]) (Root data of symplectic Lie algebras) For a complex 
Hilbert space H with a conjugation a, we consider the quaternionic Hilbert space Hm '■= T~L 2 , 
where the quaternionic structure is defined by the anticonjugation a(v,w) := (aw, —av). 
Then t := sp 2 (Hm) = {x e u 2 (H 2 ) : ax = xa} and 

sp 2 (H H ) c = {(i J^j e B 2 (U 2 ) : B T = B,C T = cX . 

Let (ej)jej be an orthonormal basis of % with a(ej) — ej for every j, and t C t be the 
subalgebra of all diagonal operators with respect to the basis elements (ej,0) and (0, ej.) of 
H 2 . Then t is elliptic and maximal abelian in t. Moreover, tc — £ 2 { J, C) consists of diagonal 
operators of the form h = diag((/ij), [—hj)), and the set of roots of with respect to tc is 
given by 

A = {±2 £j , ±( Ej ± e k ) : j + k,j, k e J} =: Cj, 

where £j(/i) = hj. If we write £y = E-) ^ f° r the element defined by Ek{Ej) — 

Sjk, then the coroots are given by 

(ej ± e k )"= Ej ± ^ for j ^ fe and (2^-)"= £y< (4) 

Again, all roots are compact, and the Weyl group W is isomorphic to the group {±l}' J ^S(j), 
where {±1}( J ) is the group of finite sign changes on £ 2 (J, R). In fact, the reflection r e .- Sk 
acts as a transposition and the reflection r 2ei changes the sign of the jth component. The 
Weyl group has two orbits in Cj, the short roots form a root system of type Dj and the 
second orbit is the set {±2£j : j £ J} of long roots. 

Example 1.13. (cf. [Nellcl Ex. C.6]) (Root data of orthogonal Lie algebras) Let be an 
infinite-dimensional real Hilbert space and t := (^("Hr) be the corresponding simple Hilbert- 
Lie algebra. Let t C J be maximal abelian. The fact that t is maximal abelian implies that the 
common kernel ker t is at most one-dimensional. Since t consists of compact skew-symmetric 
operators, the Lie algebra tc is diagonalizable on the complexification % := ('He)c- We 
conclude that, on the space (kert) , we have an orthogonal complex structure / commuting 
with t and there exists an orthonormal subset (ej)j^j of (kert)" 1 " such that {ej,Iej: j € J} 
is an orthonormal basis of (kert)" 1 and all the planes Rej + Mlej are t-invariant. If is 
non-zero, we write ej for a unit vector in this space. For j € J put 

fj '■= ^( e j ~ iIe j) and f—j ■= -^i e 3 + iIe j)- 

If kert 7^ {0}, then we also put /,- := e,- . Then the fj form an orthonormal basis of T~L 
consisting of t-eigenvectors. 

We conclude that tc is precisely the set of all those elements in tc = 02("Hr)c which are 
diagonal with respect to the ONB consisting of the fj. This implies that tc — £ 2 (J,C), where 
x € tc corresponds to the element (xj)j^j G £ 2 (J,C) defined by xfj — Xjfj, j £ J. Writing 
£j(x) := Xj, we see that {±£j : j € J}, together with Sj if kert ^ {0}, is the set of tc-weights 
of H. Accordingly, the set of roots of 6c with respect to tc is given by 

A = {±ej±£ k :j^k,j,k£j}=:Dj if kert={0}, 
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and 

A = {±£j ± £fc : j 7^ k, j, k e J} U {±£j : j € J} =: Bj otherwise. 

As in Example 11.121 all roots are compact. For Bj we obtain the same Weyl group 
{±1}( J ) xi Si n as for Cj. For Dj the reflection r ej+Ek changes the sign of the j- and the 

fc-component, so that the Weyl group W is isomorphic to the group {±l}ivon x S^jj, where 

{±l}evin is the group of finite even sign changes. For Dj the Weyl group acts transitively 
on the set of roots and all roots have the same length. For Bj we have two W-orbits, the 
roots ±£j are short and the roots ±£j ± £&, j : ^ fc, are long. 

Remark 1.14. In a simple Hilbert-Lie algebra, two maximal abelian subalgebras are con- 
jugate under the full automorphism group if and only if the corresponding root systems are 
isomorphic (see |St991 Prop. 19.24, Rem. 19.25] and [Ba69 ). Up to conjugacy by automor- 
phisms, the classification of locally finite root systems thus implies that we have only four 
types of pairs (6, t) and that they correspond to the root systems Aj, Bj, Cj and Dj. 

For a real Hilbert space H, the Hilbert-Lie algebra 02(H) contains two conjugacy classes 
of maximal abelian subalgebras t, distinguished by dimH 1 6 {0, 1}. For the classification pur- 
poses in this paper, we only need one maximal abelian subalgebra to set up the parametriza- 
tion of the equivalence classes of unitary representations (cf. Theorem [IJ. Passing to a 
different conjugacy class of maximal abelian subalgebras leads to a different parameter space 
for the same class of representations. 

1.3 Automorphism groups 

For a complex Hilbert space "H, we write AU('H) for the group of unitary or antiunitary 
isometries of % and 

PAU(-H) := AU(70/T1 = PU(ft) x {id,a}, 
where a is an anticonjugation of H. 

Theorem 1.15. The automorphism groups of the simple infinite- dimensional Hilbert algebras 
are given by 

Aut(ii2(70) =PAU(H) 
for a complex Hilbert space, and for the real and quaternionic case we have 

Aut(o a (?0) = 0(H) /{±1} and Aut(sp 2 CH)) = Sp(W)/{±l}. 

Proof. We know from Schue's Theorem 1 1 . 31 that any simple infinite-dimensional Hilbert-Lie 
algebra 5 is isomorphic to 112(H) for some infinite-dimensional Hilbert space H = £ 2 (J,K) 
with K € {R, C, H}. Let t C f be a maximal abelian subalgebra and A be the corresponding 
root system. As we have seen in Examples 11.101 11.121 and 11.131 it is of type A j (for K = C) , 
Cj (for K = H) or Bj, Dj (for K = R). 

For any (p £ Aut(t), the subspace (p(t) C J is also maximal abelian with isomorphic root 
system. It follows from !Ba69l Thm. 2] (and its proof) that for real, complex and quaternionic 
Hilbert spaces, the group V(H) acts transitive on the set of all maximal abelian subalgebras of 
t = 11.2(H) whose root system is of a given type (see also ;St99, Thm. 19.24]). This implies the 
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existence of tp € U("H) for which the corresponding automorphism c^(x) := ipxip -1 satisfies 
Ctp(i) — <^(t)- Then c^ 1 o ip fixes t, hence induces an automorphism of the root system A. 
For each root system, the automorphism group is known from [StOll Props. 5.1-5.4]: 

Aut(Aj) ~5jx {±id}, Aut(Sj) Aut(C./) = Aut(Dj) = (Z/2) J x Sj. 

From this description it easily follows that, for A of type Bj, Cj or Dj, each automorphism 
of the root system is implemented by conjugation with an element of the corresponding full 
group U('H). For Aj, the elements of Sj are obtained by conjugation with a unitary operator 
permuting the elements (ej)j^j of an orthonormal basis, and — id is obtained by if{x) — axa, 
where a is a conjugation fixing each ej, j £ J. 

For the realization of sp 2 (%n) as in Example 11.121 we obtain the elements of Sj by 

conjugation with unitary operators of the form ^.J , where U € U("H) permutes the 

elements of the ONB (ej)j e j. To implement the sign changes corresponding to the element 
X € {±1} J taking the value —1 on the subset M C J and 1 elsewhere, we consider the 
projection P on % with 

ej for j e M 
for j e J \ M. 



Pe j = 



(1 — P P \ 

Then conjugation with _ I G Sp("Hh) induces on A = Bj the automor- 

phism corresponding to \. 

For the realization of 02(Hr) as in Example 11.131 we obtain the elements it £ Sj by 
conjugation with orthogonal operators U satisfying U ej = e n tj) for j g J and commuting 
with the complex structure /. To implement the sign changes represented by \ g {±1} J as 
above, we conjugate with t/ € 0("Hr) satisfying J/ej = ej for j £ J and 



f-Ie, for j e A/ 
J |/ej for jeJ\M. 



This reduces the problem to show that every automorphism is given by conjugation with a 
unitary (or antiunitary operator in the complex case) to the special case where it preserves t 
and induces the trivial automorphism on A. In view of [StOl, Lemma 6.2(b)], any such 
automorphism ip satisfies <p{x a ) = x( a ) x a for x a G 6g and a homomorphism \: Q := 
(A) grp — » C x . As ip is supposed to be isometric, we have im(x) C T. Conversely, the 
orthogonality of the root decomposition of 6c implies that every homomorphism \ '■ Q ~* T 
occurs. We now show that any such automorphism is given by conjugation with an element 
of U € XJ(H). For A = Aj we pick an element jo € J and put 

u jo :=l and uj := xfa - £j ) f «r j ^ j 

to find the required element U = diag((itj)) £ U("H). For Cj we first extend x to the Z-span 
of {ej j 6 J} (T is divisible) and put U :— diag(x(ej), x(~ £ j))- F° r Bj we use the same 
element U £ U((%k)c), and for Dj we first extend x to the Z-span of Bj and proceed with 
the diagonal operator U with Uj — 1 and u±j = x( £ i) ±1 f° r j & J ( CI - [StOl, Sect. 6] for a 
similar argument in the algebraic context). 
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Finally, we note that, if g G V(H) induces the trivial automorphism c g — id on 112(H), then 
g G Tl in the complex case and g G {±1} in the real and quaternionic case. We thus obtain 
Aut(o 2 (?0) = 0(H)/{±1}, Aut(j6p a (W)) S Sp(K)/{±l}, and Aut(ua(?0) - PAU(K). □ 

Corollary 1.16. TTie automorphism groups of 02(H) and sp 2 (H) are connected, whereas the 
automorphism group of 112(H) (H a complex Hilbert space), has two connected components. 

Proof. It only remains to recall that the groups 0(H), Sp(H) and U(H) are connected for any 
infinite-dimensional real, quaternionic, resp., complex Hilbert space (cf. |Ne02al Thm. II.6]). 

□ 

Remark 1.17. The preceding corollary implies in particular that for t = 02(H), Sp 2 (H), each 
automorphism of t acts trivially on the homotopy groups irj(K),j G N, for any connected 
Lie group K with Lie algebra t. 

Proposition 1.18. Let % be a complex Hilbert space and a be a conjugation of %. For 
t = U2(H) and the automorphism tp(x) — oxo~ of\J2(H), we then have 

K2k-i(¥>) = (-l) fe id for ken. 

For any connected Lie group K with the Lie algebra t = 112(H), i^\{K) either is trivial or 
isomorphic to Z, there exists a ipx G Aut(i^) with L(<^x) = f> and this automorphism 
satisfies ~k\(pk) = — id. 

Proof. We pick an orthonormal basis (e-j)j£j in H fixed pointwise by a, and represent oper- 
ators accordingly as matrices. Then the involution ip is given by component-wise conjuga- 
tion <p(xij) — (xlj). Using the approximation techniques described in lNe02a| Thm. 11.14, 
Cor. 11.15], it suffices to study the action of ip on the subgroup U„(C), fixing all but n basis 
vectors. Therefore it follows from [Kue06, Prop. 19] that 7T2fc-i(<^) = (— l) fc id . 

If K is a connected Lie group with L(iC) = 112(H) which is not simply connected, then it 
is a quotient oil] 2(H) by an infinite cyclic group because Z(\J2(H)) = Z by Remark ll.6[ The 
automorphism ip of 112(H) induces an automorphism Ipjc of \J2(H), and this automorphism 
preserves the center. In view of Aut(Z) = {±idz}, it also preserves all subgroups of the 
center. We conclude that it also induces an automorphism <px on K. Since fix acts on 
Z(\J 2 (H)) = 7r 1 (U 2 (H)) by inversion, we obtain ni(ip K ) = — id. □ 

Combining Remark II . 1 71 with the preceding proposition, we obtain in particular 

Corollary 1.19. If K is a Hilbert-Lie group for which t is simple and ip G Aut(K), then 
Tr 3 (ip) = id. 

2 Double extensions of twisted loop algebras 

In this section we introduce the double extensions q = C v (t) for the twisted loop algebras 
C v (i), where we restrict our attention to those automorphisms ip for which the corresponding 
root systems A fl are, as Z-graded root systems, equal to one of the seven locally affine root 
systems A { } ] , B ( p , C [ p , D ( j\ B { j ] , or BCf ] (cf. Definition [HJ . 
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2.1 Root decomposition of double extensions 

Definition 2.1. A quadratic (topological) Lie algebra is a pair (g, k), consisting of a topo- 
logical Lie algebra g and a non-degenerate invariant symmetric continuous bilinear form 
k on g. Suppose that t C g is maximal abelian and elliptic and that X) a flc ^ s dense in 
gc- We extend k to a hermitian form on gc which is also denoted k. Then the root 
spaces satisfy = {0} for a / (1 (cf. Definition II. 7p . and in particular, k is non- 

degenerate on tc = 0c and all the root spaces gg. We thus obtain an injective antilinear 
map b : tc — > t c , h n- h l ',h b (x) :— K(x,h), where t' c denotes the space of continuous linear 
functionals on tc- For a G t c := b(tc) we put a' := b~ 1 (a) and define a hermitian form on 
on t c by 

(a, 8) := k{8\ a") = = /3(a»). (5) 

For /i G tc and x Q € g^ we then have 

a(/i)«(a; a( ,a: a ) = n{[h,x a ],x a ) = n(h, [x a ,x* a ]). (6) 

Since k is non-degenerate on , we may choose x a such that K(x Q ,a; Q ) 7^ 0. Then the 
non-degeneracy of n on tc leads to a G t c and 

[» a , £* ] = K^a,^)^. (7) 

This shows that A C t c , so that (a, f3) is defined for a, 8 G A by (O- 

Remark 2.2. If a is compact and *] (cf. Definition II .9[) . then © and a(d) = 2 

imply d) = 2n(x a , x a ), which leads for 8 G t c to 

a 2 " , 4 , .„ . 28(a) 

■ - (a,a)= and (8, a) = } ' . (8) 



k{&, &Y ' n(a, a) ' d) 

Definition 2.3. (Double extensions) Let (g, k) be a real quadratic Frechet-Lie algebra and 
D G dcr(g, k) be a derivation which is skew-symmetric with respect to n. Then ujr){x,y) := 
k(Dx, y) defines a continuous 2-cocycle on g, and D extends to a derivation D{z, x) := (0, Dx) 
of the corresponding central extension R © UD 2- The Lie algebra 

q:=q{k,D) :=(iffi UD g) * 5 R 

with the Lie bracket 

[(2, 2;, i), (z', cc , f )] = (k(Dx, x ), [x, 1 ] + iDx' — t' Dx, 0) 

is called the corresponding double extension. It carries a non-degenerate invariant symmetric 
bilinear form 

k((z, x, t), (z 1 , x', t)) = n(x, x') + zt' + z't, 

so that (g, k) also is a quadratic Frechet-Lie algebra (cf. |MR85j ). In terms of the hermitian 
extension of k to gc , the Lie bracket on gc is given by 

[(z,x,t),(z',x',t')] = (K(Dx,v?),[x,x']+tDx' -t'Dx,0). (9) 
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Example 2.4. Let (t, (■,•)) be a Hilbert-Lie algebra and let t C t be a maximal abelian 
subalgebra, so that t has a root decomposition with respect to t (cf. [Sc h61| ) and all roots in 
A (J, t) are compact. We consider the corresponding loop algebra £(t) of 27r-periodic smooth 
functions R -> t. Then 



■■= ^ y o mMt))dt 

defines a non-degenerate invariant symmetric bilinear form on £(?). We use the same notation 
for the unique hermitian extensions of (•, •) to fic an d to £(4)c- Further, D£ := is a (•, •)- 
skew symmetric derivation on £(£), so that we may form the associated double extension 

g :=£(!) := (lffi UD £(t)) x^R, 

where ujd(£,,v) = (d 7 ?) an( i £>( z j£) : — (0, £') is the canonical extension of D to the central 
extension R ffi WD £({) (cf. Definition 12.31) . This Lie algebra is called the affinization of the 
quadratic Lie algebra (t, (•, •)). Now 

is a continuous invariant Lorentzian symmetric bilinear form on g and t B := R © t © R is 
maximal abelian and elliptic in g (cf. Definition 11.7( b)). In the following we identify t with 
the subspace {0} x t x {0} of t fl . We put 

c := (i, 0, 0) e ig C 0c, d := (0, 0, -i) and e„(t) := e int . (10) 

Then c is central and the eigenvalue of add on e„ © 6c is n. It is now easy to verify that the 
set A g of roots of (g,t 3 ) can be identified with the set 

(A(«,t)xZ)U({0}x(Z\{0})) C it'xR, where (a,n)(z,h,t) := (0,a,n)(z,h,t) = a(h)+itn. 

The roots (0, n), ^ n e Z, corresponding to the root spaces e„ © fcc, n ^ 0, are of nilpotent 
type and (A B ) C = A(t, t) x Z is the set of compact roots. 

For a € A(t, t) pick x a € tg with [x a ,x*] = a, so that we obtain with equations and 
(jHJ the relation 

(x a ,x a ) — - = - -, (11) 
2 [a, a) 

which leads with ^ to 

(D(e n © x a ), e_„ © x*) = (ine„ © x a ,-e n © x„) = -in(x a ,x a ) = - , 2m . . 

(a, a) 

For the corresponding root vectors xr a n ^ = e n © x a € c a '™\ we thus obtain with ([3]) 

[e„ © x a , (e„ © x a )*] = [e„ © x a , e_„ © a;*] = ( - 2m ,6, o) . 

V [a, a) ) 

Since, by definition, (a,n) takes the value 2 on this element, it follows that 

/ \ / 2m \ 2n n\\a\\ 2 , on 

(a,n)=[--. r,a\=a--. -c = a — c. (12) 

V (a, a) / (a, a) 2 
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For a linear functional A € it' B = iM. x it' x iM. and A c := A(c), we conclude that A is an 
integral weight if and only if 

2n 

X((a, nj) = A(a) - -A c G Z for 0/neZ,a£ A(f, t) 

(a, a) 

(cf. Definition II. 9( 0)). This means that 

V{a, t B ) = {A G : A| t G 7>(l, t), (Vq G A(e, t)) A c G ^^z}. (13) 

Example 2.5. In addition to the setting of the preceding example, we assume that 6 is 
semisimple and let tp G Aut(t) be an automorphism of order N. Then 

£ v (t) := {eeC°°(R,«): (WeKH(i+^) = ^(tft))} 

is a closed Lie subalgebra of £(t). Accordingly, we obtain a Lie subalgebra 

:= £ v (e) := (K®„ D C v (t)) x 5 R C £({), 

called the f -twisted affinization of ({, (■, ■)). 

Let t C i v be a maximal abelian subalgebra, so that it := 3e(t) is maximal abelian in t 
by Lemma ID. 21 Then t fl =R.0t®Ris maximal abelian in C v (i) and A B := A(g, t a ) can be 
identified with the set of pairs (a, n), where 

(a, n)(z, h, t) := (0, a, n)(z, /i, i) = a(h) + itn, n G Z, a G A„, 

where A„ C it' is the set of t-weights in = {x G 4c : = e 2 "" 1 ^!}- For (a, n) 7^ 

(0, 0), the corresponding root space is 

fl (f' n > = e„<g>4?' n) =e„® («gn«g), where e„(i) = e mt . 
The discussion in Appendix |D] implies that 

(A e ) c = {(a, n) : ^ a G A„,n G Z}. 
This leads to the AT- fold layer structure 

AT-l 

(A e ) c = (J A* x (n + iVZ), where A* := A n \ {0}. 

n=0 

For 71 G Z and a; G t^"'™^ with [x, x*] = a (cf. Appendix |P|) . the element e„®i £ 0c*'"^ 
satisfies (e„ x)* = e_„ ® x*, which leads to the coroot 

e n (8) x, (e n <g> x) = (a, nj = - -, a, = a - -a 

V (a, a) / (a, a) 

As (a, n) G A B implies (a, n + kN) G A g for every k G Z, we obtain the following description 
of the integral weights 

V(g,t B ) = {A G it; : (Va G A*,n G Z) A c G ^Z,A(a) G Z + tJ^}. (14) 
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Suppose that t is simple. Then Lemma lD.31 implies that (A fl ) c does not decompose into 
two mutually orthogonal proper subsets, so that 

£ v (t)c e ■= Cc + Cd + s P an c A B + ^ g£' n) 

is a locally extended affine Lie algebra in the sense of [NelOal Def. 1.2] (see also |MY06] ) . 
Since only the roots of the form (0, n), n G Z, are isotropic, [NelOal Prop. 2.5] further implies 
that (Ag) c is a locally affine root system. 

Definition 2.6. Instead of going into the axiomatics of locally affine root systems developed 
in |YY10j . we only recall that a locally affine root system is in particular a subset A of a 
vector space V endowed with a positive semidefinite form. For a reduced locally finite root 
system A in the euclidean space V (such as Aj, Bj, Cj or Dj from Examples 11.101 11.121 
I1.13[) . we put AW := A x Z C V x R, where the scalar product on V X E is defined by 
((a, i), (a',t')) := (a, a'). According to Yoshii's classification ( |YY101 Cor. 13]), there exist 
7 isomorphy classes of irreducible reduced locally affine root system of infinite rank: the four 
untwisted reduced root systems A^p , Bj X \ Cj , Dj X \ and, for BCj := Bj U Cj, the three 
twisted root systems 

B ( p := {Bj x 2Z) U ({±Sj : j G J} x (2Z + 1)), 
C { P := (Cj x 2Z) U (Dj x (2Z + 1)) 
(BCj) {2) := (Bj x 2Z) U (BCj x (2Z + 1)). 

Remark 2.7. Let q : VxM. — > V, (v, t) i-> v denote the projection. Then the root systems A^ 2 ) 
satisfy q(A ( - 2 '>) = A, but A := {a G A: (a, 0) G A^ 2 )} may be smaller, as the example BCj 
shows. However, in all 7 cases the subsystem Ao C A contains enough elements to obtain all 
generating reflections of the Weyl group of A. Hence the subgroup Wo := ( r (a.o) '■ a € A ) C 
W is isomorphic to the Weyl group W of A. 

2.2 Three involutive automorphisms 

In this subsection we introduce three involutive automorphisms whose significance lies in the 
fact that these automorphism lead to the three twisted affine root systems of infinite rank 

(2) (2) (2) 

Bj , Cj and BC } . In the following we call these three automorphism standard. 

Example 2.8. Consider { = 02(H), where H is a real infinite-dimensional Hilbert space. 
We consider the automorphism tp(x) := gxg -1 , where g is the orthogonal reflection in the 
hyperplane Vq for some unit vector vo G H. 

Then t v = 02(^0") — 02CH) is a simple Hilbert-Lie algebra. Pick 

fCf ={xgf: xv a = 0} 

maximal abelian with dim(ker(t)nw L ) = 1. Then tt = j{(t) is maximal abelian (Lemma lD.21) 
with kcr(t{) = {0} and t is a hyperplane in tj>. Hence the root system A(t, tt) is of type Dj, 
and A(t v ,t) is of type Bj , where Jo = J \ {jo} for some jo G J (cf. Example II . 13|) . It 
follows from [NelOal Thm. 5.7(h)] that the set of compact roots of L v (t) is of type Bj 2 ^ (cf. 
Example [23)1 . 
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Example 2.9. To obtain a root system of type Cj , we start with t = 112(H) for a complex 
Hilbcrt space H. We write H as Ho © Ho for a complex Hilbert space Ho endowed with a 
conjugation oo and extend this conjugation by a(x,y) :— (<ro(x),ao(y)) to a conjugation of 
H. Then 

(p( g ) = S(g T )- 1 S- 1 = SagaS- 1 for S = 

defines an involutive automorphism of U 2 (H). Let (ej)j e j be an ONB of Ho, so that 
{ej,Sej\ j e J} is an ONB of H. Let t C f be those elements which are diagonal with 
respect to this ONB. Then tf = 3t(t) consists of all elements in U2CH) which are diagonal 
with respect to this ONB, and from [NelOal Thm. 5.7(h)] we know that the set of compact 
roots of £<p(t) is of type Cj. As a := Sa = aS is an anticonjugation of H, it defines a 
quaternionic structure Hh = (H,ct). In this sense we have 

U 2 {UY = {g G U 2 (H): aga- 1 = 3 } S Sp 2 (H H ). 

Example 2.10. To obtain a root system of type BCj , we consider t = 112(H) for a complex 
Hilbert space H. We write H as Ho © C © Ho for a complex Hilbert space Ho endowed with 
a conjugation <jq and extend <7o by a(x,y, z) := (ao(x),y,ao(z)) to a conjugation of H. We 
consider the automorphism 

/0 1\ 

= SOr 1 )^ 1 for S=\0 1 ,<7GU 2 (H). 

\1 0/ 

As S commutes with a, r := Sa is a conjugation on H with y(<7) = Tgr, so that 

U 2 (H) V = {x G U 2 (H) : SCg-yS- 1 = .9} = {i£ U 2 (H) : r 5 r - .9} = 2 (H T ). 

In particular, ^ = o 2 (H) T is a simple Hilbert-Lie algebra. 

Pick an ONB {&j)jeJ 01 Ho, so that the elements (e 3 , 0, 0), (0, 0, ey), j € J, together with 
(0, 1, 0), form an ONB of H. Let t C be those elements which are diagonal with respect to 
this ONB. Then tt = 3t(t) consists of all elements in u 2 (H) which are diagonal with respect 
to this ONB, and from [NelOa, Thm. 5.7(h)] we know that the set of compact roots of C v {t) 
is of type BC { j ] . 

Remark 2.11. In Examples 12.91 and 12.101 the operator S is contained in the identity com- 
ponent of U(H) (Theorem II. 15)) . so that in both cases, the involution ip is homotopic to the 
automorphism x 1— > — x T = axa of u 2 (H). 

We now record some topological properties of the subgroup K v for the standard involu- 
tions. 

Lemma 2.12. If K is simply connected, then K v is connected for each of the standard 
involutions. It is 1-connected in all cases except the BC j -case, in which tti(K v ) = Z/2. 

Proof, (a) First we consider K := 2 (H)o and f{k) = gkg~ 1 , where g £ O(H) is the 
reflection in a hyperplane Vq (Example 12. 8} . We show that the group K v of fixed points of 
the lifted automorphism ip of the 2-fold covering group qj< ■ K — > K is connected. 
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Let 02("H)± denote the two connected components of 02(H), where 1 £ 02^H)+ (Theo- 
rcm ll.5p . The group 2 {T-L) ip = {±1} x 2 (v;j~) has four connected components, two of which 
lie in 02("H)o, so that 

- ({1} x 2 (4) + ) x ({-1} x 2 (^)-) 

has two connected components and (K v )q = C>2{vq)+. We conclude that iti(K v ) = Z/2 
(Theorem ll.5[) and that the inclusion j : (K v )o — > K induces an isomorphism of fundamental 
groups, so that K v has a simply connected identity component which is the universal covering 
group of Kq and contains ker(g^). In particular, qj}{K^) is connected. To see that 
is connected, it therefore suffices to show that qk maps it into Kq , which is equivalent to 
(— l,r) ^ qK(K v ) for any reflection r: Vq — > Vq in a hyperplane of ufj-. Let := 
span R {i> , w} = M. 2 . Then the inclusion j : T = SO(F) — » 02(H) induces a surjection Z = 
tti(T) -> 7ri(0 2 (K)) f |Ne02aj ). so that it lifts to an inclusion j: Spin(V) -> K, where Spin(V) 
denotes the unique 2-fold covering of SO(V). In Spin(y) the inverse image of — idy consists 
of two elements of order 4 which are exchanged by <p. Therefore (— l,r) does not lift to a 
i^-fixed element. This proves the connectedness of K v . 

(b) For K = U 2 (H) and cp(g) = aga- 1 as in Example OH the subgroup Rf = Sp(W H ) 
is 1-connected by Theorem 11.51 Since (K v )o is a covering of K v , this group is also simply 
connected and isomorphic to K v . For the universal covering qx : K — » K we thus obtain 

qJ c 1 (K v ) ker q K x K v Z x if, 

and acts by — id on tti(K) (Proposition !! . 18]) . Therefore if = K v is connected and hence 
1-connected. 

(c) For K = XJ 2 (H) and <p(g) = rgr as in Example [2TTU1 the group if = 2 {W) has 
2 connected components and satisfies 7Ti(if ) = Z/2 (Theorem 11.51) . Since the inclusions 
SO„(M) -> U„(C) induces the trivial homomorphism tti(SO w (R )) g Z/ 2 -> tti(U„(C)) = Z 
for each n > 2, the same holds for the inclusion (if )o °->- K (cf. [Ne02a ). In particular, this 
inclusion lifts to a homomorphism (if )o — > K, so that 711 (if ) = Z/2. 

To see that if is connected, it suffices to show that, for any reflection r £ 2 {'H T ) 
in a hyperplane C "H T , there is no (/> invariant inverse image under the covering map 
qK - K — > K. Since the homotopy groups of Ua(%) are obtained from the direct limit 
lim U„ (C) (cf. [Ne02a ) , it suffices to prove the corresponding assertion for the case where 

n := dim"H < 00. Then U„(C) = SU„(C) x R with Zp(g,t) = (#,-*), so that V n (C)^ = 
SU„(C) V = SO„(R) is connected. This implies that if is connected in the general case. □ 

2.3 The adjoint action of twisted loop groups 

We claim that the following formula describes the adjoint action of C V (K) on q = £„(!): 

Ad B (g)(z, e, *) = (* + (S l (g), - \\\8 r {g)\\ 2 , Ad( 5 )£ - tS r (g), t) (15) 

where S r (g) — g '<? _1 S £^(£) denotes the right logarithmic derivative and 5 (g) = g~ 1 g / € 
C v {t) denotes the left logarithmic derivative (cf. |PS861 Prop. 4.9.4] for the case where K is 
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compact and a different choice of sign on the center). In fact, modulo the center, the formula 
<?•(£) t) = (Ad(g)£ — t5 r (g), tj defines a smooth action of C V (K) on C v (t) x R, whose derived 
action is given by 

V-&*) = {fat]-tDri,0) = [(Ti,0),{t,t)] 
which implies that it is the adjoint action of the group C V (K). The formula for the central 
component is now obtained from the invariance of the Lorentzian form on C v {t) under the 
adjoint action. 

Remark 2.13. Since we need it below, we take a closer look at the affine action of C V (K) 
on C v (l) by 

g * £ := Ad(. 9 )£ - S r (g) = Ad(g)£ - g'g' 1 . 

To understand its orbits, for a smooth curve £ : R — » {, let 75 : K — > K be the unique smooth 
curve with 75 (0) = 1 and <r (75) = £. We consider the smooth holonomy maps 

Hol t : C V {1) -> Jf, Hol t (£) := 7«(*), t G R. 

If CG then 
implies that 

=HoW /w (0v- x (7e(*)). (16) 

From 

*'(7eff _1 ) = ^(.g- 1 ) + Ad( 5 )C = ff * & (17) 
we derive the following equivariance property 

Hol s ( 5 *e)=5(0)Hol s (e)ff(s)- 1 . 

For s = 27r/_/V, we obtain in particular 

HoW/wte * = ff(0) HoW/jvKV^GKO)- 1 ). (18) 

Proposition 2.14. TTie map Hol 27r /jv : K is equivariant with respect to the action 

of C V (K) on K for which g acts by c£, Q y where c^(fe') := kk'ip~ 1 {k~ 1 ) is the -twisted 
conjugation map. The fibers of Hol 27r /jv coincide with the orbits of the subgroup 

£ V (K)« :={geC v (K):g(0) = l} 

and the image of the C v (K)-orbits are the ip^ 1 -twisted conjugacy classes in K. 

Proof. The asserted equivariance is (| 18[) . In particular, Hol 27r /Ar is constant on the orbits 
of the subgroup £ V (K)*. If Hol 27r /Ar(£i) = Hol 27r /Ar(£ 2 ), then (fTBf implies that the smooth 
curve g := 7^ 2 1 7£i : R — > K is contained in £ V (K)*. It satisfies = 7£ 1 <7 _1 , so that (JTTJ) 
implies g * £1 = £2 • This completes the proof. □ 
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3 Double extensions of twisted loop groups 



In the preceding section we have introduced the double extension C v (i) of the Frechet-Lie 
algebra C v (t) of smooth y?- twisted loops. Since its construction involves a central extension, 
it is not obvious that this extension is the Lie algebra of a Lie group. In this section we show 
that such a group always exists for a simple infinite-dimensional Hilbert-Lie algebra {, in 
particular, we obtain a corresponding 1-connected Lie group which we denote C V (K). 

3.1 The central extension for smooth loops 

Remark 3.1. Let if be a connected Lie group for which 6 is a simple Hilbert-Lie algebra and 
write evo : £ V (K) — > K, f H> /(0) for the evaluation map. In |NeWo09l Prop. 3.5, Rem. 3.6], 
we have seen that the long exact homotopy sequence of the Lie group extension 

1 ->■ C V {K)» := ker(evo) ->• C V (K) c -^—^K -> 1 

provides crucial information on the homotopy groups of C V {K). For each j > 1, we obtain a 
short exact sequence 

1 -> 7T 3 (K) V := 7r J -(Jf)/im(7r,-(^) - id) ^ ■K i - 1 {C V {K)) -» Kj-i(K) v "> 1 - 

As K is connected, ~k%{K) vanishes (Theorem 1 1.5 1) and itz(<p) = id fCorollarv ll.191) . we obtain 
in particular 

ttoOMJQ) = ni(C v (K)) = tti(K) v and MC V {K)) S ir 3 (K) S Z. 

If if is 1-connected, these relations imply that C V (K) is also 1-connected. 

Definition 3.2. In the following we shall identify the Lie algebra L(T) of the circle group 
T C C x with iR, so that the exponential function is given by exp T (i£) = e %t with ker(exp T ) = 

The following theorem generalizes the corresponding result for compact target groups 
which can be found in [PS86, Sect. 4.4] for the untwisted case. 

Definition 3.3. We say that the scalar product (•, •) on the simple Hilbert-Lie algebra t is 
normalized if ||a|| 2 = 2 holds for the coroots of all long roott@ a £ A(t,t{), where t{ C { is 
maximal abelian. In view of ([8]), this is equivalent to (a, a) — 2 for all long roots. 

Theorem 3.4. Let K be a 1-connected simple Hilbert-Lie group and suppose that the scalar 
product on t is normalized. Then the central Lie algebra extension C v (t) defined by the 
cocycle 

w(e,»?) = ^- / \e(t), v (t))dt 

27T Jo 

integrates to a 2- connected central Lie group extension 

1 -> Z -> C V (K) -> £ V (K) 
where Z = cxp(Mic) and ker(exp \mc) = 2irNZic. 

2 At most three root lengths occur, the long roots are those of maximal lenght. 
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Proof. Let uj 1 £ f2 2 (£ v (K) , E) denote the left invariant 2-form corresponding to the 2-cocycle 
ui. We derive from Remark [3~T1 that C V {K) is 1-connected because -ftT is 1-connected. There- 
fore we can use |Ne02b| Thm. 7.9] to see that the required simply connected Lie group 
extension C V (K) exists if and only if the range of the period homomorphism 



per w : 7r 2 (£ v (if)) -> E, [<r] / , 

Js 2 



is discrete and in this case Z = E/im(per w ). 

To use the results from [NcWo09J, where the circle is identified with K/Z, we have to 
translate them to our context where S 1 = E/^Z. So let 

K( R ) :={/eC°°(E,X): (WeE) f(t + 1) = ^ (/(*))} 
and observe that 

3: £ V (*T) -> ^(if), $(£)(*) := e(27rt/JV) 

is an isomorphism of Frechet-Lie groups. For the cocycle w 1 ^, 77) := f Q {£'(t),r](t)) dt on 
jCJ,(£) we then obtain 

Z" 1 2tt f 2 ^ 2tt 

(L($)*c 1 )(^ f? ) = jf (e(2nt/N)-, V (2nt/N))dt = J (?(t), r,(i)> dt = ^wfo r?). 

This implies that im(per w ) = im^per^i). 

According to NeWo09, Lemma 3.10], the period homomorphism per^i of the restriction 
of u 1 to the ideal (t)* coincides with the homomorphism 

\ per Ce : tt 2 (4 = n 3 (K) = Z -» E, 

where Ct(x,y,z) := ([a;, y], z) is the 3-cocycle defined by the scalar product on € and 



per Ct :7r 3 (if)->R, [<r] h> / a*C| 

is the period homomorphism of the corresponding closed 3-form C\ on K . This map can 
be evaluated quite explicitly as follows. Let a G A(t, tt) be a long root and 6(a) C { be 
the corresponding sii2-subalgebra and a £ it be the corresponding coroot. The associated 
homomorphism 7 Q : SU2(C) — ¥ K induces an isometric embedding L(7 Q ): SU2(C) — > t with 
respect to the normalized scalar products. Hence [NcWo09 ( Ex. 3.11] implies that 

1 /p ,s 1 llall 2 9 9 

2Per Ct ([7 Q ])= 3 2 8 * 4 * " 
Since 7T2 (if) vanishes (Remark IBTT]) . |NeWo091 Thm. 3.12] thus leads to 

N 

im(per ) = — im(per w i) = 2nNZ. 
Zn 

As %2(£tp{K)*) = Z, the non-zero homomorphism per w is injective. Since C V (K) is 1- 
connected by Remark 13.11 [Nc02b ( Rem. 5.12(b)] now implies that, for Z := E/im(per CJ ), 
the group Cip^K) is 2-connected. CH 
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Definition 3.5. Since the rotation action a of R on C V (K) lifts uniquely to a smooth action 
on the central extension C V (K) f |MN031 Thm. V.9]), we obtain a 2-connected Frechet-Lie 
group 

C V (K) :=C V (K) x a R. 

Remark 3.6. If if is a simple Hilbert-Lie group, then it has a universal complexification 
r\K ■ K — > Kc which has a polar decomposition, i.e., the map 

K x { — > Kc, (k, x) i— > k exp ix 

is a diffeomorphism (cf. |Nc02a ). This property is inherited by the group C V (K), which im- 
plies in particular that the inclusion C V (K) — ¥ C v (Kc) induces isomorphisms of all homotopy 
groups. Hence the cocycle oj and its complex bilinear extension to £ v (tc) — £ v (?)c nave the 
same period group. Now |Ne02bl Thm. 7.9] implies the existence of a central extension of 
complex Lie groups 

1 -> C x -> C V (K C ) -> C V (K C ) -> 1 

for which the inclusion C V (K) <— » C v (Kc) is a universal complexification and a weak homo- 
topy equivalence. 

In the preceding theorem we have seen the importance of normalizing the scalar product. 
To evaluate the period group in all cases, it is thus important to identify the normalized 
scalar products in all cases. 

Remark 3.7. (Normalization of the scalar product) 

(a) For £ = U2(H) all roots in A(t, t) = Aj have the same length and the coroots corre- 
spond to diagonal matrices of the form Ejj — Ekk, so that (x, y) = tr(xy*) is a scalar product 
with || a || 2 = 2 for all roots a. 

(b) For { = sP 2 (Hh), the long roots are of the form ±2sj and their coroots are diagonal 
matrices of the form (Ejj, —Ejj) with respect to the decomposition of the complex Hilbert 
space H M = £ 2 (J,C) © e 2 (J,C). Therefore (x,y) = tv c (xy*) satisfies ||a|| 2 = 2 for all long 
roots a. 

(c) For { = 02 (Wr) and A(t, t) of type Bj or Dj, the long roots are ±£j ± Sk, j ^ k. On 
the complex Hilbert space H := (Hm)c their coroots correspond to diagonal matrices of the 
form ±Ejj qp E-j-j ± Ekk T E-k-k, j ^ k (cf. Example 1 1.1 3|) satisfying 

tr c ((±^j T E-i.-j ± E kk T E^ k ,-kf) = 4, 

so that (x, y) = \ trc(xy*) — \ trR(xy T ) satisfies ||ci|| 2 = 2 for all long roots a. 

(d) In Example 12.81 we have the inclusion t v = 02(1^) t = 02(Hr), and (c) shows that 
this is isometric with respect to the normalized scalar products. 

(e) In Example [2U we have for H = "H 2 = (Ho)m the inclusion F = sp 2 ((^o)iHi) ^ t = 
112(H), so that (a) and (b) imply that it is isometric with respect to the normalized scalar 
products. 

(f) In Example [Uni we have the inclusion 7?: t v = o 2 (H T ) = u 2 (H), so that (c) 
implies that (ri(x),r)(y)) — 2(x,y) for x,y £ t v . In particular, the roots a = ±Sj ± £k G 
A(F,t) = BCj satisfy ||a|| 2 = 4. Accordingly we find fle, ±a k \\ 2 = 1 and pe^l 2 = 2. 
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At this point we can also make the description of the weight set V(g,t) from (|14[) more 
explicit for all 7 locally affine root systems. 

Example 3.8. (a) For the untwisted root systems Xj~\ we have seen in (fT5)) that A e it* 

i ii 2 

is an integral weight if and only if A c € ^—"L for every root a 6 Xj and A| t is a weight of 
Xj. As ||a|| 2 = 2 for the long roots, the condition on A c is equivalent to A c € Z. 

(b) For B [ j ] we find the condition A c € J^-Z for every root a £ £?j, i.e., A c G ^Z, and 
that A(a) g Z for a g Ao = Bj. As Ai = {±£j : j € J} C Ao and = 1, this implies 

2 

X(a) € Z+ — -^A c for aeAi. 
INI 

Therefore 

^(fl,t B ) = {Ae«t;: A c e±z, Ae?(B,/)}. 

(c) For Cj , the long roots of Cj are of the form ±2ej, j € J, so that our normalization 
leads to ||2ej|| 2 = 2 (cf. Remark I3.7f e)). which in turn implies ||£j|| 2 = \- The condition 

A c € ^^Z for every root a leads to A c e |Z. We further obtain A(a) € Z for a G A = Cj 
and this already implies 

2 

X(a) e Z+ t-^A c = Z + 2A C for a G Ai = Dj. 
INI 

Therefore 

7>( fl ,y = {Aezt g : A c e±Z, Ae?(C;)}. 

(d) For BCj we have seen in Remark l3T7T f) that \\ej ± £fc|| 2 = 1 and ||2£j|| 2 = 2. Hence 

the condition A c € for every root a € -BC,/ means that A c € ^Z. We further obtain 

A(a) € Z for a £ A = Bj which means that A.,- G ^Z for every j with Aj — A^, € Z for j 7^ fc. 
An integral weight A also has to satisfy 

X(a) G Z + 1 -^jA c for aeAi = SC./. 

IN 

For a € this is satisfied because ||a|| 2 <E {5, 1}. For a = ±2e 3 -, it means that 

±Aj = A(a) e Z + A c . 

Therefore the parity of 2A C equals the parity of 2Xj. 

If we also take into account that A should be continuous, i.e., (Xj) € £ 2 (J, K), then only 
finitely many A^ are non-zero, which leads to Xj G Z and hence to A c € Z. We therefore have 

7>( ,t B ) = {Aezt; : A c eZ, XeV(Bj)}. 
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3.2 The topology of the fixed point group C(K)" 1 

Let K be a 1-connected simple infinite-dimensional Hilbert-Lie group and C(K) = C{K) xi R 
the simply connected Frechet-Lie group with Lie algebra £(t) from Definition 13.51 Let 
7 G Aut(£(K)) be the automorphism induced by the automorphism 7 of C{K) given by 

7(/)(*) =¥>(/(* and L(7)( 2 r,e,t) = (2 ) L( 7 )e,t). 

Then C{Kf = C(Kf x M is a Lie subgroup with the Lie algebra £({) L ^ X R. Here we use 
that the central extension C{K) of the locally exponential Lie group C(K) is again locally 
exponential (cf. |GN12] and also [Ne06l Thm. IV.2.10]). 

Proposition 3.9. The inclusion C V (V) <—t C(t) integrates to a Lie group morphism C V (K) — > 
C(K) whose kernel is the subgroup Cm := {z E Z = T: z N — 1} and whose range is C(K) 1 . 
In particular, Tt\{C{K)'~ 1 ) = CV. 

Proof. With the normal subgroup C(K)* := {/ € C{K) : /(0) = 1} < C{K) of based loops, 
we obtain the semidirect decomposition C{K) = £(K)* X K corresponding to the inclusion 
K £{K) as the constant maps. Then C(K) = C(K)* x K, where £(K)* is a simply 
connected central T-extension of £(K)*. 

As 7 commutes with the translation action of R on C(K), £(if) 7 = C(K)' 7 x R, and we 
have a central extension 

1 -> T -> C(Ky -> £(iT) 7 -> 1. 

In Remark |3. II we have seen that C V {K) = C(K) 7 is 1-connected, so that £(K)^ is a central 
T-extension of a 1-connected Lie group. Therefore it is connected, and its fundamental group 
is isomorphic to the cokernel of the corresponding period homomorphism 

per: ti 2 {C{K)~<) -> 7r x (T) ^ 2?rZ 

(cf. }Ne02bl Rem. 5.12(b)]). 

Using Remark 13 . 1 1 again, we see that the triviality of ^(ip) (Corollary II . 19[) implies that 
we have a commutative diagram 

Z^tt 3 (K) S T^OC^CfiO.) ► ^(^(A")) 

Z = 7r 3 (K)=7r 2 (£(^),) = > **{C{K)). 

For the group 

:={/€C(R,A): (VteR)/(t+^) =^ 1 (/(t))} 
of continuous maps, it is easy to see that 

£;(4 = {/eC(M,x),: (VteR) /(«+^) =/(*)}, 
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which coincides with the range of the map 



$: C C {K),^ C C {K)^ := f(Nt). 

Since the inclusion of smooth into continuous maps induced isomorphisms of homotopy 
groups (cf. |NeWo09l Cor. 3.4]), |MN031 Lemma 1.10] now implies that the vertical arrows 
in the above diagram correspond to the cndomorphism Z — > Z, n > Nn. We conclude that 
coker(per) = Z/7VZ and from that the assertion follows immediately. □ 

4 d-extremal weights 

For g = C v ((), recall its root decomposition and the elements c and d from (fT0| in Ex- 
ample EU We write W = W(fl,t) for the Weyl group of g. In this section we derive a 
characterization of the set of those elements A G it* (the space of all linear functionals which 

are not necessarily continuous) which are d-minimal in the sense that X(d) = min(WA)(d). In 
Sections [5] and [6] below, we see that these elements parametrize the irreducible semibounded 
representations of C V (K). 

Definition 4.1. Let W denote the Weyl group of the pair (g,t fl ) (cf. Definition II .9p . We 
call A G ii* is d-minimal if X(d) = min(WA, d). 

Lemma 4.2. ( |HN12| Lemma 3.8]) If (W\)(d) is bounded from below, then A c > 0. //, in 
addition, A c = 0, then A is fixed by W. 

Proposition 4.3. ([HN12, Cor. 3.6, Prop 3.9]) Suppose that (A fl ) c is one of the 7 irreducible 
locally affine root systems with their natural 1-grading. For A G it* with A c > 0, the following 
are equivalent: 

ii) A is d-minimal. 

(ii) (Va g A(t,t),n= 1,2) (a,n) G (A B ) C |A(a)|%^ < A c . 
(hi) For a = (a, n) G (A B ) C with n > we have A(a) < 0. 

Theorem 4.4. For the seven irreducible locally affine root systems x[p — (A B ) C C it' g of 
infinite rank, a linear functional A G it* with A c > is d-minimal if and only if the following 
conditions are satisfied by the corresponding function A: J — > R,j i— > Xj: 

(A^) max A — min A < A c . 

{Bf ) \X j \ + \X k \<X c for j^k. 

{Cf ] ) IXjl^XcforjeJ. 

\X J \ + \X k \<X c for 3 ^k. 

{Bf) \X 3 \<X c forjeJ. 
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(C ( j 2) ) \Xj\ + \X k \<2X c forj^k. 
(BCf) | Ay | < A c for j E J. 

Proof. In all cases where the normalization of the scalar product is such that ||£j|| 2 = 1 
for every j, this follows immediately from [HN121 Thm. 3.10], and this is the case for Aj, 
BP and DP , where the long roots are of the form ±Sj ± e k , and for bP it follows from 
Remark Ej^d). 

In all other cases, the normalization for the scalar product (•, ■)» in [HN12, Thm. 3.10] by 
(e-pEj)* = 1 is different and we have to take a closer look at the consequences. For Cj the 
long roots are of the form ±2£j-, which leads to the normalization ||£j|| 2 = |. For CP and 
BCj we have the same normalization by Remark l3.7r e),(D. which leads to (•,•)* = 2(-, •) 
in these 3 cases. The relation |A(a)| ^p < A c is therefore equivalent to |A(d)| ^^P* < 2A C . 
Replacing A c in |HN121 Thm. 3.10] by 2A C now leads to the correct inequalities in these 3 
cases. □ 

Remark 4.5. (a) The preceding theorem implies that d-minimal weights A g it* define 
bounded functions A : J — > K and, moreover, that the boundedness of A is equivalent to the 
existence of a A c > such that a corresponding A G t* is d-minimal. 

(b) If A € it* satisfies A(d) <E Z for each a e (A B ) C , then the subset A + Q C it*, 
where Q = (A B ) grp is the root group, is invariant under the Weyl group W. Therefore 
(W\)(d) C A(c?) + Z. If (WX)(d) is bounded from below, we thus obtain the existence of a 
d-minimal element in WA. In particular, we obtain V + = WVp 

5 Semibounded representations of Hilbert loop groups 

After the preparations in the preceding sections, we now approach our goal of classifying the 
irreducible semibounded representations of G = C V (K). The first major step is Theorem [521 
asserting that for a semibounded representation (7r, the operator d7r(d) is either bounded 
from below (positive energy representations) or from above. Up to passing to the dual 
representation, we may therefore assume that we are in the first case. Then the minimal 
spectral value of d7r(d) turns out to be an eigenvalue and the group Zc{d) acts on the 
corresponding eigenspace, which leads to a bounded representation (p, V) of this group. We 
then show that (-7T, %) can be reconstructed from (p, V) by holomorphic induction and that 
p is irreducible if and only if 7r is. Since an explicit classification of the bounded irreducible 
representations of the groups Zc(d)o can be given in terms of W-orbits of extremal weights 
A (Theorem [53]), the final step is to characterize those weights A for which the corresponding 
representation (p\,V\) occurs. 

5.1 Prom semibounded to bounded representations 

Note that d = (0, 0, —i) satisfies exp(27ri-<i) G ker Ad = Z(G). Therefore the following lemma 
can be used to obtain smooth eigenvectors of d7r(d) in irreducible representations of G. The 
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assumption of this lemma implies that 7r(expMa;)T is a torus, so that we know a priori that 
the Hilbert space decomposes into eigenspaces of this group. 

Lemma 5.1. For a unitary representation (7T, of G and x E g with ir(exp(Tx)) — e v l 
for some T > and /j, € R, the space H°° of smooth vectors is invariant under the operators 

Pn{v) := - / e-( 27r " + ^*/ T 7r(expta) UC ft 
T Jo 

which are orthogonal projections onto the eigenvectors of — idTr(x) for the eigenvalues 
(n + 2im)/T, neZ. 

Proof, (cf. the proof of [NclOb, Prop. 4.11]) For v £ T-L°° , we have 

n(g)P n (v) = - f e-^+^irigexptx^dt, 
1 Jo 

which is an integral of a smooth function on [0, T] x G over the compact factor [0,T], which 
results in a smooth function on G. □ 

Theorem 5.2. Suppose that either <p = idx or that (p is one of the three standard involutions. 
If (7r,H) is a semibounded unitary representation of G = C V {K) for which d7r(c) is bounded, 
then d.7r(d) is bounded from below, resp., above. 

If, in addition, tt is irreducible, then this is the case and, accordingly, the minimal/maximal 
spectral value of dir(d) is an eigenvalue and the K v -representation on the corresponding 
eigenspace is bounded. 

Proof. Since at ■= e' adl ' rf defines a continuous circle action on g, the open invariant convex 
cone W n intersects the fixed point algebra 3 fl (d) of this circle action. Since [d, (0, £, 0)] = 
—i(0, 0), an element (0, ^, 0) £ commutes with d if and only if ^ is constant, i.e., its 

values are contained in f . We thus have 

3b (d) = ker(ad id) = Ric ®t v ®Ri-d, 

which is a Hubert-Lie algebra. 

Since every open invariant cone in the Hilbert-Lie algebra } g (d) intersects the center 
( [Nellbi Prop. A.2]), the non-empty open invariant cone W ff H 3 8 (d) actually intersects the 
subspace R«c©3(^) ffiRz • d. For the three types of standard involutions we have 3(6^) = {0} 
(cf. Examples 1231 1231 and |2~T0| . so that 

W v n (Ric + Ri ■ d) ^ 0. 

If, in addition, d.7r(c) is bounded, then ic+W^ = leads to i-d € W^U—W^. In particular, 
d.7r(cf) is bounded from below or above. 

Now we assume that tt is irreducible and w.l.o.g. that i ■ d 6 W n . Then 7r(exp27ri • d) £ 
ir(Z(G)) C Tl by Schur's Lemma and Lemma 15.11 implies that the minimal spectral value 
/i of d.7r(d) is an eigenvalue. Let V :— ker(d7r((i) — /il) be the corresponding eigenspace. It 
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is invariant under the subgroup Zc(d) which leads to a unitary representation {p, V) of this 
group. The corresponding open convex cone W p satisfies 

i-de WVn3,(d) c w p , 

but since dp(d) = pi, this leads to £ W p — i ■ d = W p and thus to W p = t s (d), i.e., p is 
bounded. □ 

Remark 5.3. (a) Since Z(G)q = T by Theorem 13.41 any unitary representation of G is a 
direct sum of d.7r(c)-eigenspaces, so that we can easily reduce to the situation where d.7r(c) €E 

m. 

(b) It is a key point in the proof of Theorem 15.21 that = {0} which holds for all 

3 standard involutions. For any finite order automorphism tp for which 3(t v ) = {0}, the 
argument in the proof of Theorem 15.21 goes through, and even Theorem 15.41 below remains 
valid. This is in particular the case if t is abelian and i v — {0}. With automorphisms of the 
form ip(g) — UgU , where U is unitary of order N with some finite-dimensional eigenspaces, 
one obtains examples where ^ {0}. 

Our next step is to explain why irreducible semibounded representations with i ■ d € W v 
are uniquely determined by the representations on the minimal eigenspaces of dir(d). This 
requires the technique of holomorphic induction from Appendix [C] 

5.2 Holomorphic induction for C^iyK) 

Let qb '■= (t) be the central extension of i? x -loop algebra C^{t) from Definition IA.6I 
which is a Banach-Lie algebra. According to Theorem IA.81 there exists a corresponding 
1-connected Banach-Lie group Gb '■= £^ (K) and also a complex group (Gb)c — (Kc) 
(Remark ET0|. Then 

Pb '■= J2 e ™ tc 

±n>0 

are closed subalgebras of (qb)c- We also put 

f) := i) B :=Kic + f v and q B := f)c Pb- 

The Fourier expansion of i? 1 -loops implies that qb satisfies the splitting condition (|SC|) from 
Appendix [Cl 

(flB)c = pB®fceps. 

Therefore all assumption of Example IC.4f a) are satisfied. 

On Gb we now consider the one-parameter group a: R — > Aut(£^(K)) defining the 
translation action (ar/)(i) = f(t + T) of R. Then p^, t) and qs are a-invariant, so that 
Example ICMf b 1 ) applies. On the Lie algebra level, the subspace g C qb of smooth vectors for 
a coincides with the Frechet-Lie algebra C v {i) defined by smooth loops, and t) corresponds 
to the Lie subalgebra of a-invariant elements. Therefore the concepts and results from 
Appendix [Cl concerning holomorphic induction are now available for the pair (G, Zc(d)o), 
resp., the complex homogeneous space 

C v {K)/Z G {d) Q - C V (K)/Z £ (d) Q = C V (K)/(K*) . 



30 



In view of Lemma 12.121 we know that the subgroup K v is connected, so that C v (K) / K v = 
C V (K) I '(K v ) is actually simply connected because C V {K) is 1-connected. 

Theorem 5.4. Every irreducible semibounded unitary representation (tt,'H) of C v (K) for 
which dir(d) is bounded from below is holomorphically induced from the bounded representation 
(p,V) of H = Zc{d)o on the minimal eigenspace ofdir(d). 

Proof. We want to apply Theorem lC.31 We know from Theorem 15 . 2 1 that (p, V) is a bounded 
representation of H, which implies (HI1). So we first use Lemma [5.1l to see that the projection 
Pq : H V onto the eigenspace V = ker(d7r(<i) — /il) maps H°° onto H°° fl V, and since 
Pq is continuous and T-L°° is dense in W, H 00 f] V is dense in V. Let P n : H — >• H n , n £ Z, 
denote the projections onto the other eigenspaces of exp(Rid) from Lemma lOI As V is the 
minimal eigenspace of the diagonalizable operator d7r(d), the fact that d7r(gp)'H n C H n+ k 
for k,n G Z implies that VDH 00 C (H°°) p ~ for = p B n C - This proves (HI2). Finally 
(HI3) follows from the irreducibility of (tt,H). □ 

In view of the preceding theorem, a classification of the irreducible semibounded represen- 
tations of C v (K) now consists in a classification of the irreducible bounded representations 
(p, V) of Zc(d)o which are inducible in the sense of Definition IC.ll It is easy to pinpoint a 
necessary condition for inducibility. 

Definition 5.5. We say that a representation (p, V) of % B (d) is d-minimal if p(l B ) is diago- 
nalizable and all t g -weights of p are <i-minimal. 

Proposition 5.6. Fory E Qc — P + fflf)cfflp~; we write y = y++ya+y- for the corresponding 
decomposition. If a bounded unitary representation (p,V) of H — Zc(d)o is holomorphically 
inducible for q = p + X f)c, then 

dp([z*,z] ) >0 for zep+, (19) 

and this implies that it is d-minimal, provided p(t g ) is diagonalizable. 

Proof. Suppose that (-7T, "H) is obtained from (p, V) by holomorphic induction. Then V C 
(H°°) p , so that we obtain for v £ V and z £ p + 

(dp([z*,z] )v,v) = (dp([z*,z])v,v) = ([d7r(z*), dn(z)]v, v) 
= (d7r(z*)d7r(z)v,w) = ||d7r(z)w|| 2 > 0. 

This proves the necessity of ([TO)) . 

For every weight vector £ V with weight /i £ it' g and a — (a, n) £ (A g ) c with n > 
we pick x £ g^r such that [x, x*] — a (cf. Example I2.5[) . Then (|T9| implies p{a) < 0. In view 
of Proposition I4.3f iii) . this is equivalent to the d-minimality of fi. □ 

5.3 Bounded representations of 

Remark 5.7. Let A = A({, t) be a root system of type Aj, Bj, Cj or Dj. We represent a 
corresponding integral weight as a function A : J — > M and observe that 

AjCDj=BjnCj. 
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Then the integrality with respect to Aj means that Xj — Xk € Z for j ^ k E J. Since J is 
infinite in our context, the requirement A € it' = £ 2 (J, R) implies that A is finitely supported 
with values in Z. This in turn implies that A is an integral weight for Aj, Bj, Cj and Dj. 

Proposition 5.8. (Classification of W-orbits) For A = A(t,t) of type Aj, Bj,Cj or Dj the 
corresponding set of integral weights V(t,t) C it' = £ 2 (J,M.) coincides with £ 2 (J,Z) = Z' J '. 
For the W '-action on this set, we have the following set of invariants which is complete in 
the sense that it separates the W-orbits in V(t,t): 

• Aj : m„(A) := \{j E J : Xj — n}\ for ^ n e Z. 

• Bj, Cj and Dj: m„(A) := \{j £ J: |Aj| = n}\ for iieN. 

Proof, (a) For Aj, the functions m n are constant on the orbits of W = S(j) and, conversely, 
if m n (X) — m„(A') for A, A' € "P({, t), then A' G WA follows from the finiteness of the support 
of A. 

(b) For the root systems Bj, Cj and Dj, the functions m„, neN, are constant on the W- 
orbits, and since every A € V(t, t) is finitely supported, its W-orbit contains a non- negative 
element. Hence m„(A) = rn n (X') for A, A' € "P(t, t) and every neN leads to A' € WA. □ 

Theorem 5.9. Let K be a simple Hilbert-Lie group with Lie algebra t and t C f maximal 
abelian with root system A C it'. Then every bounded unitary representation of K is a direct 
sum of irreducible ones. The irreducible representations (p\,V\) can be parametrized by their 
extremal weights X € V(t, t) as follows. If Q := (A) grp C it' is the root group, then the weight 
set V\ of p\ satisfies 

V x = conv(WA) n (A + Q) and Ext(conv(7 3 A)) = WA. 

We have px ~ p^ if and only if p S WA, so that the irreducible bounded unitary representa- 
tions of K are classified by the set V(i,t)/W of W-orbits inV(t,t). All these representations 
factor through the adjoint group K/Z{K). 

Proof. In view of the classification of simple Hilbert-Lie algebras, the assertion on the clas- 
sification follows from [Ne98l Thm. III. 14] for f = u 2 {H) and from [Nellcl Thms. D.5, D.6] 
for « = o 2 (H) andsp 2 (H). 

That all these representations factor through the adjoint group is trivial for t = sp 2 (Tl) 
because in this case the center of the corresponding simply connected group Sp 2 ("H) is trivial 
(Theorem [L5]). For t = u 2 (U) it follows from jNellcl Rem. D.2], and for t = o 2 (H) the 
description of the corresponding highest weights (cf. Remark I5.7j) implies that they are con- 
tained in the root group Q, and hence that the corresponding representation is trivial on the 
center. □ 

For the 3 standard involutions <p (cf. Examples 1 2 . 8tf2TT0]) . the Lie algebra t v is simple, so 
that we obtain an explicit description of the bounded irreducible representations of the groups 
K v , resp., Zc{d)o in all seven cases. According to Theorem l5.4[ any irreducible semiboundcd 
representations of G = C V (K) for which d7r(d) is bounded from below is holomorphically 
induced from the representation (p, V) on the minimal eigenspace, hence uniquely determined 
by this representation (cf. Definition IC.ip . It therefore remains to identify those bounded 
representations of Zc(<i)o which are holomorphically inducible. 
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5.4 Characterization of the inducible bounded representations 

In this subsection we show that any d-minimal bounded representation (p,V) of Zq(<£)q is 
inducible. 

Theorem 5.10. An irreducible bounded unitary representation (p, V) of Zc{d){) is holomor- 
phically inducible if and only if it is d-minimal. 

Proof. We have already seen in Proposition 15.61 that p is d-minimal if it is holomorphically 
inducible. Now we assume that (p, V) is a d-minimal bounded representation of H — Zq(c[)q 
of extremal weight A G Tq = Hom(T<3,T) (recall Tq = expt g ). Then A is d-minimal, so that 
A(a) > for a = (a, n), n < 0. This means that 

pA:=(t fl )c+ J2 Sc^ J2 ®c' n) - 

A(a»)>0 <*6A,n>0 

If A c = 0, then A vanishes on A B (Lemma 14. 2p which implies that G has a one-dimensional 
representation (tt,T-L) for which d7r: gc ~> End("H) = C extends A. We may therefore assume 
that A c ^ 0. 

In view of Theorem IC.61 it suffices to show that the corresponding linear map 

f3: U( Sc )^B(V) 

that vanishes on p + U(gc) + U(gc)p~ and satisfies P\u(t) C ) = d i° f° r ^ = 3s(^)i i s positive 
definite on the *-algebra U(gc) (cf. Definition IB . 1 f c) ) . 
Let := Ci ■ d + span c A fl and 

B^ lg :=Cd+{&: ae (A B ) c ) Lic alg , 

and observe that this is a Lie algebra with a root decomposition with respect to t c lg . It is 
a coral locally affine complex Lie algebra in the sense of |Nel0al Def. 3.1] and A defines an 
integral weight of g^ s for which A c ^ 0. Therefore [NelOal Thm. 4.11] implies the existence 
of a unitary extremal weight module (tt\,L(\)) of 0c generated by a pA-eigenvector v\ of 
weight A. Note that |Nel0a| Thm. 5.7] shows that g^ s is a locally extended affine Lie algebra 
with root system A fl in the sense of [MY06] (see also |Nel0a] ). 

Now V\ := U(§c)v\ is an f)c-module of extremal weight A, so that we may identify it 
with a dense subspace of V. For p* lg := p ± n fj c lg , the relation v\ E L(X) P ^ implies that 
V\ C L(X) P ^, and 

L(X) = U(q^)v x = U(p+ g )V x C V X + p+ g L(A) 

shows that V\ is the minimal (i-eigenspace in L(X). Let py ■ L(X) — >• V\ C V denote the 
orthogonal projection. Then 

7(D) := p V Trx(D)py 

satisfies pti g U(Qc 6 ) + ^(flc S )Pai<^ — k er 7 and tIj/^s) = P\- Since the representation ir\ on 
L(X) is unitary, 7 is positive definite. Since all maps 

C ^5(V), (xi,...,x k ) ^(3(xi---x h ) 
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are continuous and the restriction of [3 to the subalgebra U(g^. s ) coincides with 7, it follows 
that f3 is also positive definite. Now the assertion follows from Theorem IC. 61 □ 

Remark 5.11. (a) Consider the Banach-Lie group C^{K) from Appendix lAl and the sub- 
group T x K v corresponding to the centrally extended Lie algebra RxFC £^ (£) . Suppose 
that (p, V) is a bounded representation of H := T x K v which is holomorphically inducible to 
the Frechet-Lie group C V {K). Since C v {t) is dense in ({), the fact that the conditions in 
Theorem IC. 61 are satisfied for C V (K) immediately implies that they are also satisfied for the 
bigger group (K). Therefore the holomorphically induced representation (tt, H) of C V {K) 
extends to a holomorphically induced representation of the Banach-Lie group (K) , and 
we thus obtain a continuous unitary representation of the topological group £^ (K). 

(b) The preceding argument also shows that, if p is irreducible, then the same holds for 
the corresponding holomorphically induced representation of C V {K) resp., £^ (K). 

(c) Assume that p = id. Then we can also ask about the restriction of 7r to the subgroup 
L := £(K)* corresponding to functions vanishing in 1. As C(K) = L x K corresponding to 
functions vanishing in 1, the group L acts transitively on the complex homogeneous space 
C{K)/K which implies that tt\l is holomorphically induced from the trivial representation of 
LHK = {1} on V. This leads to tt(L)' = B{V) (Theorem lCT2t ii)) which implies in particular 
that tt\l is irreducible if and only if dim V = 1. 

5.5 Semibounded representations of one-dimensional extensions 

In this subsection we provide a few results supporting the point of view that, without the 
double extension, the representation theory of loop groups is much less interesting. We show 
that all semibounded unitary representations of the central extension C v {i) are trivial on 
the center and factor through bounded representations of C(t). One can actually show that 
these arc hnitc-dimcnsional and tensor products of evaluation representations. For those 
representation extending to the Lie algebra C c {t) of continuous maps, this follows from 
|NSllj . We also show that all semibounded representations of C^(K) » a K. are trivial on 
C V (K). 

Lemma 5.12. Let {■n,'H) be a smooth representation of a Lie group G. Then the following 
assertions hold: 

(i) Let x, y £ g with [x, [x,y]] = 0. If —id7r(y) is bounded from below, then dn([x,y]) = 0. 

(ii) If g is 1-step nilpotent and tt is semibounded, then [q,q] C ker(d7r). 

Proof, (i) For a smooth unit vector v € H°° , we consider the continuous linear functional 
A(z) := (— idTr(z)v, v) on g. Then our assumption implies that A is bounded from below on 
Ad(G)y which contains Ad(expRa;)y = y + R.[x, y]. This leads to X([x,y}) — 0. We thus 
obtain d7r([x, y}) — 0. 

(ii) Pick y £ W w . For every x £ g we then have [x, [x,y]) = 0, so that (i) leads to 
d7r([x,y]) = and thus [W ff ,fl] C ker(d7r). As is open, the assertion follows. □ 

Proposition 5.13. Let £ be a simple Hilbert-Lie algebra and ip £ Aut(t). Then all open 
invariant cones in C v (t) are trivial. 
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Proof. Let ^ W C £ v (t) be an open invariant convex cone. 

(a) First we consider the case ip — id and show that, for every compact manifold M with 
or without boundary, all open invariant cones in C°°(M,t) are trivial. Since { = U2CH) for 
an infinite dimensional real, complex or quaternionic Hilbert space, and the union of the 
subalgebras su{Hf), where Hp C "H is a finite-dimensional subspace, is dense in u('H), the 
union of the subalgebras C°° (M, su(H f ) ) is dense in C°° (M, 6) . Hence there exists a subspace 
Hf for which 7^ Wf ■= W n C°°(M, su(Hf))- Then VFf is invariant under conjugation 
with the compact group SU('Hf), hence contains a SU^i^-fixed point. Since su('Hf) has 
trivial center, is the only fixed point, and thus G Wf Q W. This in turn implies that 
W = L{1). 

(b) For the general case, we consider the closed interval I := [—a, a] for < a < jj. Then 
we have a continuous restriction map 

R: £ v («)^C°°(7,e), 

which is also surjective (cf. [Wo06 ( Cor. III. 7]), hence open by the Open Mapping Theorem. 
Therefore R(W) is an open invariant cone in C°°(I, t), and (a) implies that G R(W), which 
in turn implies that W fl ker R ^ 0. 
For b := we have 

ker R={feC v (t): /|[_ ,o] = 0} = {/ G C°°([0, b], t) : f\ [o , a] =0 = f [b - a ,b]}- 

For every k € K there exists an element / G C v (t) restricting to the constant function k 
on [a, b — a], so that W n keri? is invariant under conjugation with constant functions in K. 
Passing to a sufficiently large finite dimensional subalgebra If Q 6 and averaging over the 
action of the corresponding compact group Kp, it follows as in (a) that G WD keri? C W, 
so that W = C v (t). □ 

Corollary 5.14. If K is a simple Hilbert-Lie group, then all semibounded unitary represen- 
tations of £ip(K) are bounded. 

Theorem 5.15. (Semibounded representations of central extensions) Ifi is a simple Hilbert- 
Lie algebra, then all semibounded unitary representations of the central extension £ V (K) are 
trivial on the center and bounded. 

Proof. Localization on the center reduces the problem to representations which are bounded 
on the center, so that Ric+ W„ = W^. Hence W„ defines an open invariant cone in C v (t) = 
C<p(t) /WLic, which is trivial by Proposition 15.131 Therefore ir is bounded. In particular, the 
restriction of ir to the 2-step nilpotent group C v (it) is bounded. Since it is 2-step nilpotent, 
d.7r is trivial on the commutator algebra (cf. Lemma [5321 ii)), an d tbus d.7r(c) = 0. We 
conclude that d7r(c) vanishes for all semibounded representations, and hence also that these 
representations are bounded. □ 

The preceding result shows that the central extension C V (K) and C V (K) have the same 
(semi-) bounded representations. In a similar vein, extending C V (K) to the semidirect product 
defined by the translation actions only leads to trivial semibounded representations. 
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Theorem 5.16. (Semibounded representations of semidirect products) If % is a simple 
Hilbert-Lie algebra and tp any finite order automorphism of the corresponding simply con- 
nected group K for which ^(t- v ) — {0}, then every unitary representation (vr,H) of 
C V (K) x a R for which — id.7r(0, 1) is bounded from below is trivial on C V (K). 

Proof. For any abelian (^-invariant subalgebra a C {, we consider the 2-step solvable Lie 
algebra C v {a) and note that C v {a) = [d,£ v (a)] © dc v ( a )(d) = [d,£tp{a)] © 0? ■ Therefore 
Lemma \5 . 1 2 1 implies that C v (a) C a v + kcr(d7r). 

Applying this observation to one-dimensional subalgebras a = Rx C t'^ , we obtain 
CpC^) = £(F) CF + ker(dTr). As t v is topologically perfect, it is contained in the ideal of 
C(V) generated by $ d (£(V?)). This leads to C ker(dTr). 

For the abelian subalgebra t{ C t we likewise obtain C v {it) Ct+ ker(d7r) = tt + ker(d7r). 
Hence tC f C ker(d7r) enventually yields C v (tt) C ker(d7r). We finally arrive at C v (t) C 
t t + [t,£ v (l)] Cker(dTr). □ 



6 Semiboundedness of holomorphically induced repre- 
sentations 

We are now ready to complete the picture by showing that the irreducible G-representations 
(ttXi'Hx) obtained by holomorphic induction from rf-minimal representations (p\,V\) are 
semibounded. 

Theorem 6.1. Let K be a 1-connected Hilbert-Lie group and (7r,%) be a unitary representa- 
tion of G — C v (K) which is holomorphically induced from the bounded representation (p, V) 
of H = Zq{oI)q for which dp(d) — pi for some p G M. Then (tt, / H) is semibounded with 
i-deWv. 

Proof. Recall the subalgebras p^ and from Section [5J We note that the representation 
ad p + of the Hilbert-Lie algebra f) = i a {d) on the Hilbert space p^ = X) n >oflc — (fls)c 
is unitary, ic acts trivially, d acts by n ■ id on = e n ® {g, and t v acts by the adjoint 
representation on gji = 6^. Hence an element x = (z,Xa,t) € } g (d) satisfies 

—i ad n (z,Xo,t) = tn — i ad{ c xo > for every n > if || adxo|| < t. 

Therefore the elements x G 3g(d) with this property form a closed invariant cone with non- 
empty interior C. 

For the d7r(<i)-eigenspace decomposition 

^ = ffi with K„ =kcr(d7r(d) - (p + n)l), 

all subspaces W n are invariant under Zc{d)o. For every v £ V — Hq C "H", the Poincare- 
Birkhoff-Witt Theorem shows that 

CT(flc)» = C/(p+)C7(h c )C7(p-)w = [/(p + )C/(d c ) w C C/(p+)F 
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is dense in H. Therefore H n , as a unitary representation of Za(d)o containing a dense 
subspace which is a quotient of of the bounded unitary representation on the Hilbert space 

( (P + B f k )®v, 

0<k<n 

is a bounded representation of Za(d)o. For x € C, the spectrum of — ix on the left hand 
factor is non-negative, so that 

inf (Spcc(— id7r(.T)) = inf (Spec(— idp(x)), 

resp., 

s % (x) = sup(Spec(id7r(x))) = s p (x) for x G c|l (20) 

To see that C C W w , it now remains to see that Ad(G)C has interior points. Let 
C t ±v = ker(id = Fi J 9) be open convex symmetric 0-neighborhoods for which the map 

E : U + x U~ — > K, (x+ , X- ) i— > cxp x_ exp x+ exp x_ 

is a diffeomorphism onto an open subset of K. The existence of such a 0- neighborhood 
follows from the Inverse Function Theorem because the differential of E in (0, 0) is given by 
(x+, X-) M- x + + 2x_. 

For the <y9 _1 -twisted conjugation action cl(h) := khip(k)~ 1 of if on itself we have 

E(x-i-,X-) — exp(x_) exp(x+) exp(x_) = c^ xpx _ (exp:r+). 

Therefore each c v -orbit meeting im(E) also meets exp([/ + ). 

Next we recall the smooth map Ho^/tv : K from Proposition ^ . 141 and note that 

V := U e £„(!): Hol 27r/iv (0 G im(£)} 

is an open 0-neighborhood. From Proposition ^. 141 we derive that every element in V x {1} C 
£<p(t) xi K is conjugate under Ad(£ v (K)) to an element £ with Hol 27r /Ar(£) G exp(Z7 + ). 
As Hol2,r/Ar(a;+) = exp (jtX+) for x + G this further implies that (£,1) is conjugate 
to an element in x {1}. We conclude that, for every 0-neighborhood B C F, 

Ad(C v (K))(R x B x {1}) contains an open subset of the hyperplane R x C v (i) x {1} C C v {t). 
Eventually this shows that Ad(G)C has interior points, and hence that W„ ^ 0. □ 

At this point we are ready to prove Theorem Q] stated in the introduction. 

Proof, of Theorem [TJ We have seen in Theorems 15.21 and 15.41 that a semibounded repre- 
sentation (tt,H) for which d.7r(<i) is bounded from below (which is always the case for n or 
its dual representation) is holomorphically induced from a bounded representation (p, V) of 

3 This is trivial if adx is diagonalizable on V on each gg. Let n n denote the representation of Za{d)o on 
H n and 7r^(i) := 7r n (exptx). For the general case, it is instructive to think of the spectrum of d7r n (x) in terms 
of Arveson's spectral theory, where Spec(— id7r n (a;)) is the minimal closed subset SCR with the property 
that, for every Schwartz function /: R — ► R with supp(/) n S = 0, we have ir%(f) = 0. In this context it is 
clear that we obtain the same spectrum from the representation on any dense invariant subspace, and that 
equivariant bilinear maps are compatible with addition of spectra (cf. |Ne l2a Prop. A. 14]). 
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the Hilbert-Lie group Za(d)o whose Lie algebra is M.ic ® t v ® M.i ■ d, where t v is a simple 
Hilbert-Lie algebra in all 7 cases. 

Theorem 15.91 now provides a classification of the bounded irreducible representations of 
the simply connected covering group K x K v x M of Zc(d)o = Z x K v x 1 in terms of 
extremal weights A £ Vft^jt) C it'. From Lemma [2.121 we know that K v is connected, so 
that its simply connected covering group is defined. We even know that K v is 1-connected 
if (A s ) c is not of type BC^\ and in the latter case tt^K^) = Z/2. Next Theorem I5TTU1 
characterizes the weights A for which [p\, V\) is holomorphically inducible as the d- minimal 
weights and the corresponding G-representation is semibounded by Theorem 16. II 

That the t B -weight set V\ of n\ satisfies 

V\ := conv(WA) n (A + Q) with Ext(conv(-p A )) = WA 

follows from the corresponding result in [NelOal Thm. 4.10] for the highest weight module 
L(A) of £ y (t)£ S . This description implies in particular that the equivalence of tt\ and ir^ 
implies that p £ WX. We also seejthat the set of weights occurring as extremal weights in this 
context is contained in set V + — WV^ of integral weights bounded from below (Remark l4.5[) . 
From |HN121 Thm. 3.5] we further know that 

WXDV+ = W d X = WX for A e T>f, 

where Wd — W is the stabilizer of d in VV. This leads to a bijection 

p£/w -> V ± /W, WX i ^ WA 

To complete the proof, it only remains to show that every elements A G 'Pj - actually is 
an extremal weight of a bounded representation (p\, V\) of Zc(d)o — Z x K v x R. As A| t 
is a weight for Aq, the existence of the corresponding unitary representation of K v follows 
from Theorem 15.91 It therefore remains to verify that NX C = A(iVc) € Z (Theorem 13.41) . In 
the untwisted cases the normalization of the scalar product is such that long roots a satisfy 
(a, a) — 2, so that A c € Z follows from (|13|) . In the twisted cases 2A C € Z follows from 
Example Ell □ 

Remark 6.2. Let us take a closer look at the ambiguities arising in our parametrization 
of irreducible semibounded unitary representations of G = C V (K) in terms of bounded 
representations (p, V) of Z G (d) = Tx K v x M. 

If (p, V) is (i-minimal, the corresponding representation of G is obtained by holomorphic 
induction with q = p + x f)c and = ("H 00 ) 13 is the minimal eigenspace of d.7r(d). If (p, V) 
is (i-maximal, then (tTjH) is obtained by holomorphic induction with q = p~ x f)c, and 
V = (H°°) p+ is the maximal eigenspace of dn(d). 

Therefore the only ambiguity in the parametrization of corresponding irreducible unitary 
representations of C V {K) arises for representations for which d7r(<£) is bounded, which only 
happens for one-dimensional representations, see Proposition l6.3l below. Hence the ambiguity 
of the parametrization consists only in twisting with characters of C V (K), resp., representa- 
tions vanishing on the codimension 1 subgroup C V (K) of C V (K). 

On the level of d-minimal/maximal weights, the corresponding assertion is that a weight 
A 6 it' is d-minimal and d-maximal at the same time if and only if nA((a, n)~) — holds 
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for every root (a,n) £ (A g ) c , but this implies that the corresponding representation of G is 
one-dimensional. 

Proposition 6.3. If (■n,'H) is an irreducible semibounded representation of C V (K) for which 
dn(d) is bounded, then it is one- dimensional. 

Proof. As i ■ d € U —W^, the boundedness of d.7r(c?) implies that £ and hence that n 
is bounded. From Theorem 15.151 we now obtain that d.7r(c) = 0, so that we obtain a positive 
energy representation of the semidirect product C V (K) x R. From Theorem 15.161 we now 
derive that C V {K) C ker7r, so that the image of tt is an abelian group and the assertion 
follows from Schur's Lemma. □ 



7 Perspectives and open problems 

Problem 7.1. Let t be a simple Hilbert-Lie algebra and ip £ Aut(t) be an automorphism 
of finite order. Then 

Mf) = £;(!),{/eC°=(I,f): (VtGR) f(t + l) = i p-\f(t))} 

can be identified with the space of smooth sections of the Lie algebra bundle — > S 1 = R/Z 
obtained as the quotient of the trivial bundle R x t by the equivalence relation generated by 
(t + l.x) ~ (t, <p(x)). The Lie connections on this bundle lead to covariant derivatives of the 
form 

D A € = t' + A£ wi * h A€£^(der(«)), c v {B) = v ~ l Btp, 

and these operators are continuous derivations on Cz,(t) which are skew-symmetric with 
respect to our scalar product, so that they can all be used to define double extensions. 

A map of the form r(£)(t) = j(t)£(t) with 7 £ C°°(R, Aut(t)) defines an isomorphism 
if and only if 

j(t + 1) = i>~ l ~f{t)(p for t £ R. 

Let 7: R — > Aut({) be the unique smooth curve with ^(7) = A with 7(0) = 1. Then 
A £ C Cip (dei(i)) implies that 

7 (t + l) = 1 {l)^- 1 1 (t) Vl 
so that we obtain for ip := </?7(l) -1 an isomorphism T: — > C\{%) satisfying 

D Q oT = T o D A . 

This means that, by changing the automorphism, we can transform the covariant derivative 
D A into the standard one. This has the advantage that the corresponding one-parameter 
group (af)t£R of automorphisms satisfies 

a ( or = roaf for t £ R. 

We conclude in particular, that a A is periodic if and only if the translation action on C\(t) is 
periodic, which, in view of ai£ = is equivalent to the order of ip being finite. This gives 
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a geometric interpretation for a preference of finite order automorphisms for the contractions 
of double extensions. 

It remains to be explored how the representation theory of £ v (£) changes for other fi- 
nite order (or even general) automorphisms of t. Is it possible to classify the semiboundcd 
representations of C v (t) for any automorphism <p of finite order? The present paper covers 
the case cp = id and the three involutions which lead to the three twisted locally affine root 
systems. 

Problem 7.2. The proof of Theorem 15.101 shows that, for every d-minimal integral weight 
A € t* (continuous or not), we have a unitary extremal weight representation (tt\, L(X)) of gc 
generated by a vector v\ annihilated by p~ . Then the representation {p\, V\) on the minimal 
d-eigenspace V\ := ker(7rx(d) — A(d)l) is an extremal weight representation of the Lie algebra 
Z g (d) and for the orthogonal projection py : L(X) — > V\, we obtain a positive definite linear 
map 

p: U(q c ) -> End(V A ), D ^ Pv tt x {D) P * v . 

However, if A is not continuous, then all these representations need not integrate to repre- 
sentations of Cip{K), resp., Za(d). 

To deal with the global aspects of these representations, we need to pass from Za{d)o 
to a suitable central extension to integrate the representation p\ on the completion of V\. 
As the so obtained representation will not be bounded, we need a further refinement of 
the method of holomorphic induction to derive a corresponding unitary representation of 
C V (K), or a suitable modification of this group, on the completion T-L\ of L(X) (cf. [Nellbj V 
A natural, but certainly not maximal, candidate for a group to which these representations 
may integrate is £ v (Ui(%)) if K = \] 2 (Jl). 

Problem 7.3. Suppose that K is a 1-connected simple Hilbert-Lie group. Is every ir- 
reducible positive energy representation of G — C V (K) holomorphically induced? Using 
similar arguments as for semibounded representations (cf. Theorem 15 .4[) . we obtain a repre- 
sentation (p, V) of H = Zc(d) on the minimal eigenspace V ^ {0} for d.Tr(d), but a priori we 
do not know if this representation is bounded, so that holomorphic induction of (p, V) need 
not make sense. 

In this context it would be interesting if there are (irreducible) unitary representations 
of H which are d-minimal in a suitable sense. These representations would be natural can- 
didates for a "holomorphic induction" to a unitary representation of G to make sense. The 
representations from Problem 17.21 may lead to interesting examples. 

Problem 7.4. The group Diff(S 1 ) acts naturally by automorphisms on the group C(K). 
Does it also act on the irreducible semibounded representations (tt\,H\)7 We expect a 
unitary representation of the Virasoro group which is positive/negative energy representation 
because we already have the action of the generator of the subgroup of rigid rotations. 

In this context it is important to observe that the restrictions tt\ of the representations tt\ 
to the codimension-one subgroup C V (K) remain irreducible because they are holomorphically 
induced from a bounded irreducible representation (cf. Remark l5.11[) . 

The philosophy is that the set : X € Vd} of equivalence classes of irreducible unitary 
representations of C(K) should be "discrete" and therefore fixed pointwise under the action 
of Diff(§ 1 )o. One way to verify this is to observe that Diff(§ 1 )o preserves the class of those 
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representations which are "semibounded" in the sense that they extend to semiboundcd 
representations of a semidirect product with a compact circle subgroup of Diff(§ 1 ). Then 
one can try to show that such representations are determined by their momentum sets, but 
here one looses information by restricting to C v (i) on which the representation ir\ is not 
semibounded. 

A i^-curves in Hilbert— Lie groups 

In this appendix we briefly introduce the Banach-Lie algebra of .ff^-curves with values in a 
Hilbert-Lie algebra and explain how this can be used to obtain Banach-Lie algebras CM (£) 
whose construction is based on f/^-curves instead of smooth ones. We also obtain corre- 
sponding Banach-Lie groups (K) in which the groups C V {K) are dense. 

A.l The group of i/ 1 -curves 

Definition A.l. Let / = [0, 1] C R denote the unit interval. We write H 1 ^) for the space of 
absolutely continuous functions /:/—>• R with /' £ L 2 (I), endowed with the scalar product 



We recall from |Pa681 Cor. 9.7] that H 1 ^) is a Hilbert space, that the inclusion H 1 ^) — > 
C(/,R) is continuous, and that H 1 ^) is a Banach algebra with respect to the pointwise 
product. 

If % is a Hilbert space, then we write H) := H 1 (I)^>H for the tensor product of 

Hilbert spaces. 

Remark A. 2. (a) Let (ejig/ be an orthonormal basis of H and / g Then 
/ = fi e i w hh fi € satisfying ||/|j 2 = J^i II/* II 2 < 00 • This implies that for each 

t E I we have l/*W| 2 < °°j 80 that we obtain a well-defined function 



The sum on the right hand side is actually countable, so that we have a series expansion of 
/, where each finite sum is an ii^-function with values in some finite-dimensional subspace 
and the range of / lies in a separable subspace. From the Dominated Convergence Theorem 
we now derive that / is continuous. One can further show that / is absolutely continuous 
and that /' : I — > % exists almost everywhere in such a way that the Fundamental Theorem 
holds (cf. [W182, Sect. 25] for a detailed treatment of _ff 1 -spaces with values in a (separable) 
Hilbert space). 

(b) If, in addition, H carries a continuous bilinear product MxH^H, then the product 
rule implies that T-L) C C(I,T-L) is a subalgebra. Now Ne 02al Lemma A. 2] implies that 

the multiplication on T-L) is continuous, hence turning it into a Banach algebra. 

Now let K be a Hilbert-Lie group with Lie algebra i. Then C(I, K) carries the structure 
of a Banach-Lie group with Lie algebra C(7,6) and the inclusion i? 1 (J, 4) <-}■ C(I,t) is a 




f-.I^H, /(*):= X)/i(t)ei. 
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morphism of Banach-Lie algebras (cf. Remark I A. 2p . We write 

for the corresponding integral subgroup of C(I, K), so that K) is a Banach-Lie group 

with Lie algebra H 1 ^, t) whose underlying set is the subgroup 
(exptf 1 ^,*)) C C(I, K) (cf. |Alb93l Sect. 1.9], |Mais62] ). 

Then i? 1 (/, iT) consists of paths 7: J — » K for which the left and right logarithmic 
derivative exists almost everywhere and 5 r (7) , S l (7) : J — ► f are L 2 -functions (it suffices to 
verify this for the exponential image of i? 1 (/,J)). 

Proposition A. 3. For a Hilbert-Lie group K , the following assertions hold: 

(i) Ad L2 : H l {I,K) -> 0(L 2 (/, 6)), Ad L 2 (/)(£)(£) = Ad(/(t))£(*) dearies a founded repre- 

sentation 0/ i/ie Lie group if) on £/ie rea/ Hilbert space L 2 (I 7 1). 

(ii) TTie rig/it logarithmic derivative S r : A") — » L 2 (1, {), / 1— > /'•/ is a smooth cocycle 

whose differential is the Lie algebra cocycle L(6 r )f = f. 

Proof, (i) Since the multiplication map H 1 ^) x L 2 (I) — > L 2 {I), (f,g) i-> is continuous, 
the Lie bracket induces a continuous bilinear map 

H\l,V)xL 2 (I,t)^L\l,t), %ri)++[Z,ri], (21) 

dchning a continuous representation of the Banach-Lie algebra 4) on the Hilbert space 

L 2 (/,?). This representation integrates to the morphism Ad^2 of Banach-Lie groups, 
(ii) First we observe that the cocycle property follows from the product rule 

6 r (fg)=6 r (f)+Ad(f)5 r (g). 

Since 5 r is a cocycle with values in the smooth H l {I, Af)-module L 2 (I, t), it defines a homo- 
morphism 

(<f\id): H^^K) -> L 2 (I,t) x H\I,K) 

of Banach-Lie groups. Therefore its smoothness follows, once we have shown that it is 
continuous. As S r is a cocycle, it suffices to verify its continuity in an identity neighborhood, 
so that it suffices to show that the map 

6 r o exp m{I>K) : H\l,t) -> L 2 (1, t), / ^ S r (exp K of) 

is continuous. Writing k t k for the right Maurer-Cartan form on K, we find 

S r (exp K of) = (exp K of)*K, r K = f*(exp* K n r K ). 

The 1-form K{ := exp* K k v k € ^ 1 (4,6) = C x (I, B(t)) is explicitly given by the analytic 
function 

F:t^B{% F(x):= - = ££J (adz)", 

adx ^— ; (n + 1 ! 

and we have 
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The evaluation map B(t) x t — > 6 is continuous, it induces a continuous bilinear map 
C(I,B(t)) x L 2 (/,f) ->■ L 2 (7, J). Further, the map i/^J.C) -> L 2 (I,t),f i-> /', and the 
inclusion — > C(I,I) are continuous. Therefore it remains to observe that the map 

C(I,t)^C(I,B(t)), f^Fof 

is continuous, because for each Banach space X, the topology on the space C(I, X) defined 
by the sup-norm coincides with the compact open topology. This completes the proof of the 
smoothness of S r . 

To calculate its derivative in 1 , we note that for s £ K x , we have 

V(exp^o( s /)) = (Fo( s . /))(/'). 

Therefore lim s ^ F o (s • /) = F(0) = id { implies that L(S r )f := Ti($ r )/ = /'. □ 

Lemma A. 4. If a group G acts by isometries on the metric space (X,d), then each open 
G-orbit is also closed. In particular, the action is transitive if X is connected and G has an 
open orbit. 

Proof, (cf. |Go03j ). Let O — Gxo be an open orbit and suppose that the ball B e (xq) is 
contained in O. We show that O is also closed. Let y € O. Then B e (y) intersects O in some 
point gxo. Then y £ B £ (gxo) — gB £ (xo) C O shows that O is closed. □ 

The following proposition is well known for the case where K is a compact group (cf. 
[Ti89l p. 23]). 

Proposition A. 5. The affine action of the normal subgroup 

H\I,K)* :={/ eH\l,K): /(0) = 1} 
ofH\I,K) on L 2 {I,t) by 

r/(0 :=Ad(/)e-<5 r (/) 

is simply transitive. Each orbit map yields a diffeomorphism H l {I,K)* — > L (I,t). In 
particular, K)* is contractible. 

Proof. That r defines a smooth group action follows from the cocycle property and the 
smoothness of S r (Proposition lA.3l) . Moreover, this action is isometric. Further, the derivative 
in 1 of the orbit map t° of is 

H\l,t) t ^L 2 (I,t), f^-f, 

which is a topological linear isomorphism of Hilbert spaces. It follows from the Inverse 
Function Theorem that the orbit Oo of is open and Lemma [A. 41 implies that Co = L 2 (1, 6)- 
Since S r (f) — implies that / is constant, the stabilizer of in K)* is trivial and 

the orbit map 

r^.HH^K^^L^i), f^-S r {f) 

is a smooth equivariant bijection. Since its differential in 1 is a topological isomorphism, 
the equivariance implies that this is everywhere the case, and finally the Inverse Function 
Theorem shows that r° is a diffeomorphism. □ 
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A. 2 The i/Wersion of twisted loop groups 

To apply the method of holomorphic induction (cf. Appendix [C]) to the group C v (K) con- 
structed in Section [3l we need a Banach version of this group. Since we shall see that all 
semibounded representations of C v (K) extend to various Banach completions of this group 
(Remark lS.lip . it makes sense to use one which is rather large. 

To this effect, we observe that the cocycle wd(£, v) = (£') V) on jC^, (t) extends continuously 
to the Banach-Lie algebra C^(t) of twisted loops of class H 1 , so that we obtain a central 
extension £^ (g) which again is a Banach-Lie algebra. Below we show that this Lie algebra 

integrates to a 1-connected Banach-Lie group £^ (K) on which we have a continuous R-action 
a defined by translations. 

The Lie algebra C H (t) of ff 1 -loops is maximal with the property that the cocycle Z?£ := £' 
defined by the derivative defines a linear functional on £(t) which is continuous with respect 
to the L 2 -norm. This is crucial to define a corresponding cocycle by u(£, rj) = (£',r]). In 
particular, there are no non-trivial cocycles for the Lie algebra C(S 1 ,t) of continuous loops 
(cf. |Mai021 Cor. 13, Thm. 16]). 

Definition A. 6. For a Hilbert-Lie algebra i and an automorphism ip <E Aut(f) of order N, 
we write (6) for the Hilbert space of local H 1 -maps / : M — > t satisfying the condition 

endowed with the Hilbert norm defined by 

uwh ■■= uwi + wwi ■■= ^ fj wmw 2 + W(t)\\ 2 dt. 

This defines on £^ ^he structure of a Banach-Lie algebra. It is NOT a Hilbert-Lie algebra 
in the sense of Dcfinition ll.ll because the norm is not invariant under the adjoint action. Since 
the derivative defines a continuous map from H 1 to L 2 , 

27r Jo 

defines a continuous 2-cocycle on (t), and we thus obtain the centrally extended Banach- 
Lie algebra 

C% (!) := R («), [(*, £), (w, rj)] ■= v), K. *A), 

containing the Frechet-Lie algebra C v (I) = K (B CJD C v (t) . 

Remark A. 7. Let if be a connected Hilbert-Lie group and (p G Aut(K) be an automorphism 
of order N. To obtain similar information as in Remark [3.1l on the topology of the Banach-Lie 
group 

£"(K) :={/efl£ c (R,iQ: (W G R) /(*+ ^) = V" 1 (/(*))} 
S {/ G ^([O^vr/iV],^): /(2tt/JV) = ^(/(O))}, 
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we first claim that the inclusion C(K) — > C H (K) of untwisted loop groups induces isomor- 
phisms 

ir k (£(K)) -> ir k (£ H (K)) for k e N . 
Consider the commutative diagram 

C V (K), -> £ v (iT) cv " > X 

I I 1- 

£»{K). £*(/f) — A' 

in which both rows describe locally trivial fiber bundles. Let / = [0,a] for a := ^ and 
f2(I, if) C Hl(I, K) denote the kernel of the evaluation map 

ev a : Hl(I,K)^ K, f ^ f(a) 

in a. Then ev a defines a locally trivial fiber bundle, so that the contractibility of Hl(I,K) 
(Proposition IA.5I) implies the existence of natural isomorphisms 

Tr k+1 (K)^n k (n(I,K)), fee N . 

Next we observe that restriction to [0, ^] defines an isomorphism 

->fi([0, a], tf). 

Since we also have natural isomorphisms 

7r k+1 {K)^Tr k (C v {K),), fee N 

(cf. |NeWo09l Cor. 3.4]), we conclude that the inclusion C V (K)* — > Cy(K)„ induces iso- 
morphisms of all homotopy groups. Applying the Five Lemma to the long exact homo- 
topy sequence corresponding to the rows of the above diagram, we see that the inclusion 
C v (K) — > £^ (^x) also induces isomorphisms of all homotopy groups (cf. |Ne02aj for more 
details on this technique). 

Theorem A. 8. The assertion of Theorem \3.4\ remains^ true for the Banach-Lie algebra 
(t) defined by H^-maps and the corresponding group £^ (K). 

Proof. From Remark I A. 71 it follows that the period homomorphism pei UJD : TT2(C^ (K)) K 
has the same range as the period homomorphism on ^(/^(if)), and since CfZ(K) is also 
1-connected (Remark IA.7|) . [Nc02b, Thm. 7.9] applies as in the proof of Theorem 13.41 the 
existence of a central T-extension £^ (K) of (K) which is compatible with the inclusion 
C V {K)^C*{K). □ 

Definition A. 9. It is easy to see that the rotation action of R on (K) lifts uniquely 
to a continuous action on the central extension C^(K) (|MN03, Thm. V.9]), but since the 
rotation action on C% (K) is not differentiable, the corresponding semidirect product group 

is a topological group but not a Lie group. This is the main difference to the smooth setting, 
where C V {K) — C V {K) xi M is a Frechet-Lie group. 
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Remark A. 10. As in Remark 13.61 we derive from the polar decomposition l\ = Kexp(it) 
of the universal complexification of K the existence of a central extension of complex Lie 
groups 

for which the inclusion (K) £^ (Kc) is a universal complexification and a weak homo- 
topy equivalence. 

B Analytic operator-valued positive definite functions 

In this appendix we discuss operator-valued positive definite functions on Lie groups. The 
main result is Theorem IB. 61 asserting that, for a Hilbert space V, analytic -B(V)-valued 
defined in a 1-neighborhood of a Frechet-BCH Lie group G are positive definite if the corre- 
sponding linear map (3: U(gc) — > B(V), defined by derivatives in 1, is positive definite. 

Definition B.l. Let X be a set and K. be a Hilbert space. 

(a) A function Q : IxI-> B{fC) is called a B(K.)-valued kernel. It is said to be hermitian 
if Q(z, w)* = Q(w, z) holds for all z, w € X. 

(b) A hermitian i3(/C)-valued kernel if on A is said to be positive definite if for every 
finite sequence (x\, . . . , (x n , v n ) in X x K. we have 

n 

(Q{xj,x k )v k ,Vj) > 0. 

3,k=l 

(c) If (S,*) is an involutive semigroup, then a function tp: S — > B(JC) is called positive 
definite if the kernel Q v (s,t) := tp(st*) is positive definite. 

(d) Positive definite kernels can be characterized as those for which there exists a Hilbert 
space H and a function 7: X —> B(T~L,IC) such that 

Q(x,y) = l{x)i(y)* for x,y e X 

(cf. |Ne001 Thm. 1.1.4]). Here one may assume that the vectors j(x)*v, x E X, v 6 fC, 
span a dense subspace of H. Then the pair (7,%) is called a realization of K. The map 
/C x , := j(x)v, then realizes H asa Hilbert subspace of JC X with continuous 

point evaluations ev x : H — > JC. It is the unique Hilbert subspace in K. x with this property 
for which Q(x,y) = ev x ev* for x,y € X. We write T~Lq C /C^ for this subspace and call it 
the reproducing kernel Hilbert space with kernel Q. 

Definition B.2. Let K, be a Hilbert space, G be a group, and U C G be a subset. A function 
99: UU^ 1 — > B(JC) is said to be positive definite if the kernel 

Q v :UxU -> S(/C), (x, y) ^ ^(xy" 1 ) 

is positive definite. 

Definition B.3. A Lie group G with Lie algebra g is said to be locally exponential if it 
has an exponential function for which there is an open O-neighborhood U in g mapped 
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diffcomorphically by exp G onto an open subset of G. If, in addition, G is analytic and the 
exponential function is an analytic local diffeomorphism in 0, then G is called a BCH-Lie 
group (for Baker-Campbell-Hausdorff ) . Then the Lie algebra g is a BCH-Lie algebra, i.e., 
there exists an open 0-neighborhood U C g such that for x,y £ U the Hausdorff series 

+ - 

converges and defines an analytic function U x U — > g, (x, y) i— > a; * y. The class of BCH-Lie 
groups contains in particular all Banach-Lie groups f |Ne061 Prop. IV. 1.2]). 

Theorem B. 4. (Extension of local positive definite analytic functions) (cf. \Nellc\ Thm. A. 7]) 
Let G be a 1-connected Frechet-BCH-Lie group, V C G an open connected 1-neighborhood, 
K be a Hilbert space and f. VV^ 1 — > B(1C) be an analytic positive definite function. Then 
there exists a unique analytic positive definite function if: G — > B(JC) extending ip. 

Definition B.5. Let U be an open subset of the Lie group G and E be a locally convex 
space. Then we obtain for each i£ga differential operator on C°°(U, E) by 

f(gexp tx). 

These operators define a representation of the Lie algebra g on C°°(U, E), so that we obtain 
a natural extension to a homomorphism 

U(g)^-End(C°°(U,E)), D^L D . 

We likewise define 

f(exp(tx)g) 
and note that [R x , R y ] = R[ y , x ] f° r x , V € 0. 

Theorem B.6. (Infinitesimal characterization of positive definite analytic functions) Let G 
be a Frechet-BCH-Lie group, V C G an open connected 1 -neighborhood, K. be a Hilbert space 
and ip: V — > B(1C) be an analytic function satisfying <p(l) = 1. Then tp is positive definite 
on a 1-neighborhood in G if and only if the corresponding linear map 

p:U{g c )^B{K), [3{D) ;= (L D <p)(l) 

is a positive definite linear function on the *-algebra U(gc). 

Proof. "=>" : Suppose first that tp is positive definite in a 1-neighborhood. Then Theorem lB.4l 
provides an extension of the germ of if in 1 to an analytic positive definite function on all of G. 
We may therefore assume that ip is defined on G. Then the vector-valued GNS construction 
provides a unitary representation (vr, H) of G on a Hilbert space %, containing K, as a closed 
subspace such that the orthogonal projection pfc : H — >• fC satisfies 

(fig) = vk^{9)p*k for g^G. 



(L x f)(g) := I 
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This implies that K, consists of analytic vectors, and for D £ U(gc) we nn d the formula 

p(D)= Plc dir(D)p* K . 

Any function of this form is easily seen to be positive definite. 

"-4=" : Let U g C g be an open symmetric O-neighborhood which is mapped by exp bi- 
analytically to an open 1-neighborhood of G and such that ip is defined on exp(U g ). Then 
(p o exp: U g — > B(V) is also analytic, and, after shrinking U s , we may assume that 

oo 

^(expx) = ^2 <Pn(x), 

where ip n : g B(V) is a continuous homogeneous polynomial function of degree n QBS71] ). 
Now the relation 

^(expte) = ^-(L^)(l)=^-/3(x") for \t\ < e 

n n 

implies that (p n (x) = ^ . In particular, 

ip(expx) — ^ —^f3(x") for x £ U B , 

n 

which implies that j3 is analytic in the sense of [Nellal Def. 3.2]. 
Let p n (xi,. ..,x n ) := P(x x ■ ■ ■ x n ) and 

P„(xi,...,X n ) ■= — ^2 P(x^n,...,X^ n )) 

be its symmetrization. For a continuous seminorm p on g, we then define 

WPnWp '■= sup{||^(xi,.. . ,a; n )|| : xi,...,x n e g,p(x t ) < 1} £ [0,oo]. 

From [Nellal Prop. 3.4] we now obtain the existence of a continuous seminorm p on g with 
J2 n ~h\\Pn\\p < 00 • ^ n particular, there exists a constant C > with 

\\p s n \\ P <Cn\ for all n e N . (22) 

Let % C Hom(t/(gc)) ^) be the reproducing kernel Hilbert space corresponding to the 
positive definite function j3: U(gc) — > B{JC). The corresponding positive definite kernel Q 
and the corresponding evaluation maps Qd- T~L — > JC then satisfy 

Q(D 1 ,D 2 )=/3(D 1 D* 2 ) = Q Dl Q* D2 and Q D f = f(D) for / G H. 

We have a ^-representation of U(qc) on the dense subspace 

H° := span{Q>: v £ IC, D £ U(g c )} 
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by 

(p(D)f)(D') = f(D'D) for D, D' e Ufa). 

From /3(1) = Q±Q\ = 1 we derive that we may identify JC with its image under the isometric 
embedding Q\ : JC — > %. For v e JC we then have 

{p{D)v){D') = v(D'D) = Qd'dQ\v = f3{D'D)v = Q D ,Q* D ,v = {Q* D *v){D'), 

so that 

p(D)v = Q* D *v for fle%). 

In view of \\Q D \\ 2 = \\QdQ* d \\ = \\Pi DD *)\l wc nnd for the operators Q x n € B{H,K), 
x E g, the estimates 

= ^||/3(* 2 ")ir < ^II/UJ' 8 < ^Vc^ny.. 



In view of lim^oo \Z( 2 "+^)( 2 " +1 ) _ 2 ; it follows that 

n 

We thus obtain an analytic function 

77: {x€q: P {x) < B(H,K), rj(x) :=53^Q»«- 

n 

Now let VF C {x g {j: < ^} be an open symmetric O-neighborhood such that all BCH 
products x * y for x,y € W are defined and that we thus obtain an analytic function on 
W x W with values in the set {z £ g: p(z) < |}. For x,y £ W we finally derive 

(^(expa;exp(-y)) = ^(exp(a; * (-y))) = ^ — 0((<b * (-tf)) n ) = ^ liTf^f 1 * 



TwQ* h Q*y e = vWvivY 



k\£\ 

k,t 

This factorization implies that <y9 is positive definite on exp W exp W. This completes the 
proof. □ 

Remark B.7. If JC is one-dimensional, then a linear map f3: U(qc) B(JC) = C is positive 
definite if and only if it is a positive functional in the sense that f}(DD*) > for every 
D € t/(flc)- For general JC, it is shown in |Sch90[ Ex. 11.2.1, Thm. 11.2.2] that /? is positive 
definite if and only if it is completely positive in the sense that every induced map 

M n (p): M n (U( Qc )) ->■ M n (B(JC)) S B(/C") 

obtained by applying /3 to all matrix entries maps positive elements to positive elements. 
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C Holomorphic induction for BCH— Lie groups 



Let G be a Lie group and M = G/H be a homogeneous space of G which carries the structure 
of a complex manifold so that G acts analytically by holomorphic maps. In |Nel2aj we have 
developed a theory of holomorphic induction for bounded unitary representations of H in 
the context where G is a Banach-Lie group. To deal with semibounded representations of 
Frechet-Lie groups such as the double extension £ V (K) of the Frechet-Lie group C V (K) of 
smooth y-twisted loops, we need an extension of this theory to certain classes of Frechet-Lie 
groups. In this appendix we explain which properties of Banach-Lie groups were used in 
|Nel2a[ Sects. 1,2] and why C V (K) also has these properties. 

Let G be a connected Frechet-BCH-Lie group with Lie algebra g. We further assume that 
there exists a complex BCH-Lie group Gc with Lie algebra gc an d a natural map r\ : G — > Gc 
for which L(?y) is the inclusion g ^ gc- Let H C G be a Lie subgroup for which M := G/H 
carries the structure of a smooth manifold with a smooth G-action and \) C g be its Lie 
algebra. We also assume the existence of closed Ad(if)-invariant subalgebras p C gc with 
p ± = f or w hich we have a topological direct sum decomposition 

gc = P + © f)c ©P~- (SC) 

We put 

q:=p+xii)c and p := g n (p + 8 J) - ), 

so that g = \) p is a topological direct sum. We assume that there exist open symmetric 
convex O-neighborhoods U gc C gc, Up C pr\U gc , Uf, C bn[/g c , [/ p ± C p ± nJ7 0c and {J q C qr\U Bc 
such that the BCH-product is defined and holomorphic on U Bc x U Sc , and the following maps 
are analytic diffeomorphisms onto an open subset: 

(Al) U p X Uf, -> g, (a;, y)^x*y. 

(A2) C/p x C/ q ->• g c , (x, y)^x*y. 

(A3) C/p- xf/,^ g c , (x, y)^ x*y. 

Then (Al) implies the existence of a smooth manifold structure on M = G/H for which 
G acts analytically. Condition (A2) implies the existence of a complex manifold structure 
on M which is G- invariant and for which Tiij(M) = gc/q- Finally, (A3) makes the proof of 
|Nel2al Thm. 1.6] work, so that we can associate to every bounded unitary representation 
(p, V) of H a holomorphic Hilbcrt bundle Y := G x h V over the complex G-manifold M by 
defining ji: q — > g[(V) by /3(p + ) = {0} and /3|f, = dp. Now it is easy to check that all results 
in Sections 1 and 2 of |Nel2aj remain valid. 

Definition C.l. We write T(V) for the space of holomorphic sections of the holomorphic 
Hilbert bundle V — > M — G/H on which the group G acts by holomorphic bundle auto- 
morphisms. A unitary representation (jr, %) of G is said to be holomorphically induced from 
(p, V) if there exists a G-equivariant linear injection "J: H —> r(V) such that the adjoint of 
the evaluation map evm ■ T~L —¥ V = Wm defines an isometric embedding ev*[ H : V ^ H. If a 
unitary representation (tt, %) holomorphically induced from (p, V) exists, then it is uniquely 
determined ( |Nel2al Def. 2.10]) and we call (p,V) (holomorphically) inducible. 
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This concept of inducibility involves a choice of sign. Replacing p + by p~ changes the 
complex structure on G/H and thus leads to a different class of holomorphically inducible 
representations of of H. 

Theorem C.2. If the unitary representation (tz,11) of G is holomorphically induced from 
the bounded H -representation (p,V), then the following assertions hold: 

(i) V C consists of analytic vectors. 

(ii) R: 7r(G)' — » p{H)' , A i— > A\y is an isomorphism of von Neumann algebras. 

Proof, (i) follows from |Nel2al Lemma 2.5] and (ii) from |Nel2al Thm. 2.12]. □ 

Theorem C.3. ( }Nel2a| Thm. 2.17]) Suppose that (tt,H) is a unitary representation of G 
and V C "H is an H -invariant closed subspace such that 

(HI1) The representation (p,V) of H onV is bounded. 

(HI2) V(l (H°°) p ~ is dense in V. 

(HI3) ir(G)V spans a dense subspace ofH. 

Then (7r,"H) is holomorphically induced from (p,V). 

Examples C.4. (a) Let G be a simply connected Banach-Lie group for which qc also is the 
Lie algebra of a Banach-Lie group and M — G/H is a Banach homogeneous space. If the 
subalgebras C qc satisfy the splitting condition (jSCj) . then (Al-3) follows directly from 
the Inverse Function Theorem. This is the context of Ne l2aj . 

(b) Let Gfl be a Banach-Lie group with Lie algebra qb, Hb Q Gb and Mb — Gb/Hb 
etc. as in (a). We assume that the splitting condition (ISCp is satisfied. In addition, let 
a: R — > Aut(Gs) be a one-parameter group of automorphisms defining a continuous In- 
action on Gb and assume that the subalgebras p^, q# and f) are a-invariant. Then the 
subgroup 

G := {g e Gb- R ^ GB,t ^ a t (g) is smooth} 
of Gb carries the structure of a Frechet-BCH-Lie group with Lie algebra 

:= {x G Qb ■ K — » qb, t h-> L(a t )x is smooth}, 

the Frechet space of smooth vectors for the continuous R-action on the Banach-Lie algebra 
qb- Likewise H :— GPiHb is a Lie subgroup of G for which M := G/H is a smooth manifold 
consisting of the elements of Mb = Gb/Hb with smooth orbit maps with respect to the 
one-parameter group of diffeomorphisms induced by a via at(gHs) = a t (g)HB- 

Since the automorphisms L(at) of q resp., qc are compatible with the BCH multiplication, 
it is easy to see with Lemma [C.5l below that conditions (Al-3) are inherited by the closed 
subalgebras 

i} = i)Br\Q, p ± =p|nfl C and q = q B H g C - 
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Lemma C.5. Let V\ and V% be Banach spaces and (cq), resp., (af) define continuous R- 
actions on V\, resp., V2. If U C Vi is an open invariant subset and F: U — > V% an equivariant 
smooth map, then the induced map 

F°° : U°° := U n V^ 00 -> » H- F(«) 

is a smooth map on the open subset U°° of the Frechet space Vi° . 

Proof. Let Dj ;= a'j(0) denote the infinitesimal generator of otj. Then we have to verify that 
all maps F^: U°° — > V2,x i-» D^Flx) are smooth. Since a 1 defines a smooth K-action on 
U°°, the map 

$:Rx U°° — > V 2 , (t,x) h-> F{a\{x)) = a 2 t F(x) 

is smooth. Hence the map Fk(x) = ^\ t =o<&(t, x) is also smooth. □ 

From (Al-3) we derive the existence of open convex symmetric O-neighborhoods U± C 
and Uq C [)c for which the BCH-multiplication map 

U+ x Uq x U- — > gc, xq, xJ) H> x + * xq * x- 

is biholomorphic onto an open O-neighborhood U of 0c • For a bounded representation (p, V) 
of iJo we then define a holomorphic map 

F p : U ^ B{V), F p (x+ * x * x-) := e dp{xo) . 

For the Banach case the equivalence of (i) and (ii) in the following theorem can also be 
found in |Nellc| Thm. B]. Its proof also works without change in our context. We include it 
for the sake of completeness. 

Theorem C.6. For a bounded representation (p,V) of H , the following are equivalent: 

(i) (p, V) is holomorphically inducible. 

(ii) / p (expa;) := F p (x) defines a positive definite analytic function on a 1-neighborhood of 

G. 

(iii) The corresponding linear map ft: U{qc) — > B(V), fi(D) = (L_o/p)(l) is positive definite. 
It is characterized by the property that P + U(qc) + U(qc)P~ C ker/3 and /3\u(t) C ) = dp. 

Proof, (i) => (ii): Let (tTjH) be the unitary representation of G obtained by holomorphic 
induction from (p,V). We identify V with the corresponding closed subspace of H and 
write pv'-H — > V for the corresponding orthogonal projection. For v G V C (^ w ) p 
(Theorem lC.2l) . we let /* : U v — > G be a holomorphic map on an open convex O-neighborhood 
U v C U satisfying f p {x) = 7r(expiz;)i> for x € f7„ fl fj. Then d7r(p~)u = {0} implies that 
Lzfp = for zep". For w E V and z £ p + , we also obtain 

((fl,/;)(s),i£;> = (d7r(«)/; (»),«;> - (/», = 0. 

This proves that R z (pv /«) = 0. We conclude that, for x± and xq sufficiently close to 0, we 
have 

Pvfp(x+ *x * xJ) = fp(x ) = e Ap{xo) v = F p (x + * x * xJ)v. 
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Therefore pv ° fp extends holomorphically to U and 

(7r(exp x)v, w) = (F p (x)v, w) for x £ U v n g, u, it; G V. 

We conclude that F p (x) = pvTr(expx)pv holds for a; sufficiently close to 0, and hence that 
f p (expx) = py7r(exp x)py defines a positive definite function on a 1-neighborhood of G. 

(ii) => (i): From Theorem IB. 41 it follows that some restriction of f p to a possibly smaller 
1-neighborhood in G extends to a global analytic positive definite function p. Then the 
vector- valued GNS construction yields a unitary representation of G on the corresponding 
reproducing kernel Hilbert space % v C V for which all the elements of = spa.n(ip(G)V) 
are analytic vectors. In particular, V C consists of smooth vectors, and the definition 
of f p implies that dir(\)~)V = {0}. Therefore Theorem IC.3I implies that the representation 
(77, is holomorphically induced from (p, V). 

(ii) <=> (iii) follows from Theorem IB.6I The relation U(qc)$~ C ker/3 follows from the 
definition of f p which does not depend on the ^--component. In view of f P (g^ 1 ) = fp{g)* ', 
we have (3{D*) — (3(D)* for D £ U(qc), and we thus also obtain p + U(gc) C ker/3, so that j3 
is determined by its restriction to C/(f)c), where it coincides with dp. □ 

D Finite order automorphisms of Hilbert— Lie algebras 

In this appendix we generalize some of the results on finite order automorphisms of complex, 
resp., compact semisimple Lie algebras f |He!781 Sec. X.5]) to Hilbert-Lie algebras. 
Let t be a Hilbert-Lie algebra and if € Aut({) be an automorphism of order N. 

Lemma D.l. If t is semisimple and non-zero, then t v 7^ {0}. 

Proof. We also write if for the complex linear extension of ip to 6c and write 

11 :={x£t c :tp- 1 (x)=e 2m / N x}. 

Assume that J v = {0}. This means that t£ = (e^c = {0}. We show by induction that t£ = 
{0} for k = 1, . . . , N - 1. Assume 1 < k < N and that & c = {0} holds for j = 0, 1, . . . , k - 1. 
Pick x £ 6 C . For each j £ Z, there exists an r £ N such that j + kr is congruent to one of 
the numbers 0, . . . , k — 1 modulo N. We then obtain 

(adxrF c C«^ fe ={0}, 

and conclude that adx is nilpotent. Then a.dx* is also nilpotent. Moreover, [a;, a;*] € 
[^O^C fe ] — = {0} implies that ad a; and adx* = (adx)* commute. Thus ado; is a normal 
operator on the complex Hilbert space tc> and since it is nilpotent, we obtain adx = 0. 
Now x £ 3(?c) = {0} completes our inductive proof of 6^ = {0} for k = 0, . . . , N — 1. This 
contradicts the assumption that 6 is non-zero. □ 

Lemma D.2. //tCf is maximal abelian, then tt := 3t(t) is maximal abelian in {. 

Proof. Clearly, is a closed subalgebra of t invariant under (p, hence a Hilbert-Lie algebra, 
endowed with a finite order automorphism <p\i e . Let S = 3(te) fl it denote the commutator 
algebra of tj. Then s is also </?- invariant and semisimple. If s is non-zero, then Lemma lD.ll 
implies that s v is non-zero, but this leads to the contradiction s v C ^ (t) = t. □ 
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Lemmas ID . 1 1 and ID . 2 1 imply in particular, that there exists a maximal abelian subalgebra 
of t which is (^invariant. According to |Sch61j . tc decomposes into an orthogonal sum of 
t{-root spaces, and this implies that 6c decomposes into t-weight spaces 6g, a £ t'. 

Let A := A(t,t) := {a G t': fig ^ {0}} denote the t-weight set oft As adt and <p com- 
mute, the weight spaces t^ are (^-invariant, so that we obtain a simultaneous diagonalization 
of t and (p by the spaces 

:= n e « neZ, tt £A. 
For x,y £ t^™^ we then have [x, y*] € 6^ = tc, and for ft £ tc 

(ft, y*]) = ([ft, = a(ft)(y, a;) = (ft, (x, y)a v ), 
where a" € tc is the unique element satisfying (ft, a") = a(ft) for ft 6 to This leads to 

[x,y*] = (x,y)J for x.yet^. (23) 
For ||x|| = 1 we obtain in particular = a' and thus 

a([x,x*}) = a{ofi) = Ha^ 2 > for O^a. 

We conclude that 

t(a, n) := span R {ir — x* , i(x + x*), i[x, x*]} = SU2(C) 
(cf. Lemma [TT5|) . For y.Lx in t£* ,n , we obtain [x, y*] = by (f2"3"|) and thus 

0<([z,y], [*,</]) = ([x*,[x,y}],y) = ([[x*, x], y], y) = -a(^)\\y\\ 2 < 0, 
so that y = 0, which means that 

dim4 a ' n) = 1. (24) 

Lemma D.3. If t is simple, then the weight set A x := A\ {0} does not decompose into two 
mutually orthogonal non-empty subsets. 

Proof. Suppose that A = A1UA2 is a decomposition into mutually orthogonal subsets. Then, 
for a £ Ai, j3 £ A 2 , we have a + (3 A, so that [tc,t c ] = {0}. Therefore the subalgebra ti 
generated by the weight spaces 6g, a £ Ai, is invariant under brackets with all root spaces 
and with t{, hence an ideal. As t is simple and Ai 7^ 0, it follows that t = 61, and this leads 
to A 2 = 0. □ 
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